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Periodic orbits in warped disks
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Abstract. It is often assumed that a warped galaxy can be modeled by a set of rings. This paper verifies
numerically the validity of this assumption by the study of periodic orbits populating a heavy self-gravitating
warped disk. The phase space structure of a warped model reveals that the circular periodic orbits of a flat disk are
transformed in quasi annular periodic orbits which conserve their stability. This lets us also explore the problem
of the persistence of a large outer warp. In particular, the consistency of its orbits with the density distribution
is checked as a function of the pattern speed.
Key words. galaxies: kinematics and dynamics of galaxies – galaxies: spiral
1. Introduction
In the conventional understanding of galaxies embedded
in a kinematically hot spheroidal or triaxial halos of dark
matter, the frequently observed pronounced outer warps
of neutral hydrogen, interstellar dust and, to a lesser no-
ticeable extent, optical disks set a challenge for explaining
their presumably long-lived existence, and particularly,
their frequent quasi-straight line of nodes (LON), or pair
of quasi-straight LON (Briggs 1990). At least half the spi-
rals possess a detectable warped HI and stellar disk(e.g.,
Briggs 1990, and more should remain undetected due to
projection confusion.
Hypotheses like cosmic infall (Jiang & Binney 1999),
gravitational interactions (Hernquist 1991; Weinberg
1995, 1998), normal modes (Sparke 1984; Sparke &
Casertano 1988), misaligned dark halos (Kuijken 1991;
Dubinski & Kuijken 1995; Debattista & Sellwood 1999) or
magnetic fields (Battaner et al. 1990) have been proposed,
without clearly satisfying all the constraints provided by
the observations. See Binney (1992) or Kuijken (2000) for
reviews.
But, as argued by Arnaboldi et al. (1997), Becquaert
& Combes (1998) and Reshetnikov & Combes (1998), also
in the context of polar rings, the evidence for non-self-
gravitating HI disks is actually weak. Instead, the oppo-
site assumption of coexistence of warps containing most of
the dynamical mass is not in contradiction with the avail-
able observations. Such an assumption of thick and flaring
disks of visible and dark matter in the form of cold gas
approximately proportional to neutral hydrogen has been
Send offprint requests to: Y. Revaz,
e-mail: Yves.Revaz@obs.unige.ch
proposed by Pfenniger et al. (1994) to account for many
more known facts about spirals.
For the warp problem, the self-gravitating disk as-
sumption is attractive for several reasons. HI observations
reveal that most of the galaxies possess an inner flat disk,
while the warp develops beyond a specific radius (Briggs
1990; Burton 1992). Such a comportment, which is the
signature of a radical change of the dynamic along the ra-
dius, can hardly be explained by a hot halo which would
impose a uniform dynamic over a larger scale. In con-
trast, a strong rotational support in the dark matter com-
ponent offers a natural explanation for the straight lines
of nodes. They would result as a natural consequence of
the weak diffusive properties of angular momentum in a
self-gravitating disk: if, following for example an accretion
event, angular momentum is deposited in a self-gravitating
disk, bending its outer parts, the angular momentum will
slowly diffuse across the whole disk in a monotonous way,
because angular momentum is a quasi conserved quantity.
As its diffusion is slow, the line of nodes must be quasi-
straight and persist for many rotational periods. Finally,
self-gravitating optical disks are in agreement with the of-
ten stated maximum disk interpretation of observations of
the Milky Way and other spirals (see for example Gerhard
2000).
In numerous models of warped galaxies, and also po-
lar ring models, stars are assumed to move along circular
rings which are tilted as a function of radius. Because stars
are driven by periodic orbits, which are the backbone of
galaxies, such models implicitly presuppose the existence
of stable circular tilted periodic orbits. Yet, to our knowl-
edge they have never been verified, and do not appear
obvious in non-spherical geometries. It is far from obvious
,)
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that a perturbation in the form of a warp will conserve
the well known circular orbits of a flat disk. In order to
verify the latter assumptions, it is useful to find the exact
periodic orbits existing in a warped disk.
Moreover, understanding the stable periodic orbits al-
lows us to grasp the basic properties of the other quasi-
periodic orbits in an efficient way, particularly when no
analytical tools exist. Such an approach has been very
useful in the context of barred galaxies for which the
complexity of motion is substantial (e.g., Contopoulos &
Papayannopoulos 1980; Pfenniger 1984).
For studying the principal periodic orbits in a galactic
potential, even rough representations of the potential are
sufficient to yield the basic properties of the main peri-
odic orbits, as that shown in numerous situations. In this
work, the disk autogravitation will play a dominant role.
Therefore, the following results will be applicable as long
as the local density is dominated by the disk.
The alternative case would be the existence of a hot
dark matter halo. In this case, one must admit a center
dominated by the halo density, because the density of a
warm gravitating system increases at the center. The fol-
lowing implications should be explored:
1) A hot halo is aligned with the central stellar disk. The
outer gaseous disk acts as a tracer of the main periodic
orbits in the halo. The only reason for the disk to warp
is then to follow the orbits generated by a vertical 1:1
resonance. But in spheroidal halos, stable warped or-
bits do not exist due to the invariance in azimuth of
the potential. To avoid this problem, one has to take in
account both the mass of the halo and the self-gravity
of the disk (Sparke 1984; Sparke & Casertano 1988).
In triaxial halos more periodic 1:1 orbit families ex-
ist. 1:1 resonances are strong only in rapidly rotating
triaxial potentials (e.g. Mulder 1983), and associated
orbits would be compatible with warps only outside
the corotation radius: the dynamics would resemble
the one of a rescaled triaxial bar (Pfenniger 1984). But
such triaxial halos appear difficult to reconcile with the
axisymmetrization that follows the inclusion of even a
weak fraction of dissipative matter (Dubinski 1994);
2) The gaseous disk is aligned with the outer part of a
hot halo, and the optical disk is tilted. This case ap-
pears dynamically highly unstable because the optical
disks appear maximum (cf. Gerhard 2000), i.e., self-
gravitating to a large extent;
3) The halo follows the warp of the disk. Such a halo
can survive if it possesses enough angular momentum
and therefore should be flattened. This case becomes
very similar to the case of the massive disk, and the
comportment of the periodic orbits is not changed
dramatically.
In this paper we present succinctly a study of periodic
orbits in a simple model of warped disk galaxies, in which
the stability and consistency with the density distribution
is also determined. The influence of a global rotation of
the warp pattern is examined too. A subsequent study will
investigate the orbits in self-consistent N -body models of
warps.
2. Model
2.1. Warped disk model
In order to compute periodic orbits, we have based our
model on a superposition of three simple Miyamoto-Nagai
potentials (Nagai & Miyamoto 1975). The three compo-
nents can be viewed as representing respectively a bulge,
a visible disk and a gas disk containing a large amount of
dark matter. In cylindrical coordinates, the total potential
can be written as:










Observations suggest that warps seen on edge take the
shape of an integral sign, i.e., the disk deformation is pro-
portional to the cosine azimuthal angle φ and increases
with radius. Analytically, the warp is well represented by
a term ∆z where:
∆z = wR2 cosφ, (2)
and w is an adjustable parameter characterizing the
warp’s amplitude.
Replacing z by z −∆z in the potential (1) we get an
analytical warped disk potential model:









(z − wR2 cosφ)2 + b2i . (4)
Note that the potential is bi-symmetric with respect to
the y = 0 plane, Φ(x, y, z) = Φ(−x, y,−z).
2.2. Parameters
The parameters ai, bi and GMi have been chosen to pro-
vide a typical rotation curve, increasing linearly below
3 kpc and staying flat up to 40 kpc, beyond which it de-
creases smoothly. For the bulge, ab = 0, bb = 1.5 and
GMb = 0.066, which is equivalent to a Plummer sphere.
The parameters for the visible and gas disks are respec-
tively: ad = 6.5, bd = 0.5, GMd = 0.171, ag = 25, bg = 0.5,
GMg = 0.763. For convenience the length unit is chosen
to be the kpc and time unit the Myr. Fixing the gravi-
tational constant G to a value of 1, the mass unit corre-
sponds to 2.2×1011 M. With this set, the velocity unit is
about 1000 kms−1. Figure 1 shows the isodensity curves
corresponding to the model. Well above the galaxy disk,
negative density regions do exist, however our results are
not spoiled by negative densities as long as orbits do not
,-t
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Fig. 1. 3D isodensity surface of the warped model at 5× 10−4 and 5× 10−5 M kpc
−3 (w = 0.005 kpc−1). The surface is sliced
with respect to the y = 0 plane.
cross such regions. The amplitude of the deformation w
is chosen to be equal to 0.005 kpc−1, developing a warp
of the same order as the one of the Galaxy. For exam-
ple, see the values indicated by Burton (1992) or Smart
et al. (1998). Hence, the results obtained are applicable in
typical cases of observed warped galaxies.
2.3. Hamiltonian
In the present model, we allow the possibility for a global
rotation of the warped potential about the z-axis. This
rotation is parametrised by the angular pattern speed Ωp
or, equivalently, by the corotating radius Rc, taking a neg-
ative value for retrograde rotation. Thus, the Hamiltonian











+ Φ(x, y, z)− Ωp (x py − y px) , (5)
where the variables px, py, and pz are the respective canon-
ical momenta of x, y, and z. The equations of motion to
integrate are:
x˙ = px + Ωpy, p˙x = −∂xΦw + Ωppy,
y˙ = py − Ωpx, p˙y = −∂yΦw − Ωppx,
z˙ = pz, p˙z = −∂zΦw,
(6)
with Φw given by Eq. (3).
2.4. Numerical method
The periodic orbits are found by numerically determining
the fixed points of the 4D Poincare´ map (T ) at y = 0,
x˙ < 0 generated by the equations of motion (see, e.g.,
Pfenniger & Friedli 1993). The algorithm uses in particu-
lar the method proposed by He´non (1982) giving the inter-
section between an orbit and a surface, and a least squares
stabilized Newton-Raphson root-finding procedure.
The stability of the orbits are determined by the eigen-
values of the Jacobian of the Poincare´ map (∇T ). Since
the system is Hamiltonian and the motion is described by
real numbers, the four eigenvalues of ∇T occur by conju-
gate and inverse pairs and it is possible to condense the
information with two stability indexes b1, b2:
bi = −(λi + λ−1i ), i = 1, 2, (7)
where λ1 and λ2 represent a pair of reciprocal eigenvalues.
A periodic orbit is stable only when b1 and b2 are real and
|b1|, |b2| < 2. It is unstable in all other cases. If |b1| = 2 or
|b2| = 2, or if |b1| = |b2|, at least two eigenvalues are equal,
∇T is degenerate and eventually allows a bifurcation. For
a more complete description of the instability cases, see
Pfenniger & Friedli (1993).
In this work, we will focus our investigations on or-
bits following the potential disk. Hence, we choose initial
conditions with a starting position on the line of nodes,
here equivalent to the y-axis. We concentrate on the main
orbit families keeping the symmetry of the potential, thus
the initial velocity is perpendicular to it (py(0) = 0) and
points to arbitrary negative values of x (px(0) < 0). In this
way, the free parameters in the initial conditions are the
Jacobi constant (≈ energy, H), the position y(0) along
the y axis, and the velocity component pz(0) along the
z direction. This latter parameter will be small compared
to px(0), which avoids a situation where orbits stray too
far from the disk and penetrate negative density regions.
This point has been systematically checked because, a pri-
ori, orbits may explore regions far from the expected ones.
3. Families of periodic orbits
3.1. Families without perturbation
In order to understand the influence of the warp, we first
look at the model without deformation (w = 0) which is
completely axisymmetric. The rotation of the potential is
set to zero (Ωp = 0).
Below the orbit, families are shown with their initial
starting point in the H−pz(0) diagram. In Fig. 2, bottom,
we recognize the circular orbit family (horizontal line at
pz(0) = 0). The stability indices for this family are traced
at the top of Fig. 2. In this particular case, b1 indicates
the stability in the galaxy plane while b2 corresponds to
the stability transverse to it. Both indices remain in the
interval [−2, +2], insuring the stability for this family.
At H = −0.0701, b1 = +2, ∇T is also degenerate with
two eigenvalues equal to −1. A bifurcation occurs through
period doubling. This bifurcation coincides with the res-
onance between the radial frequency κ and the circular
frequency Ω (2κ = 3 Ω).
,`
Y. Revaz and D. Pfenniger: Periodic orbits in warped disks
Fig. 2. H–pz(0) phase space for w = 0.
At H = −0.0748, −0.0566, −0.0451, −0.0345, and
−0.0236, b2 = +2 generating transverse bifurcations
through period doubling. These bifurcations coincide with
the resonances between the transverse frequency ν and the
circular frequency Ω (2ν = (2k + 1) Ω, k = 1, . . . 5). Orbit
families from period doubling bifurcations will not be dis-
cussed further in this paper.
Transverse bifurcations keeping the same period oc-
cur at H = −0.0632, −0.0508, −0.0396, −0.0294, and
−0.0158. In this case b2 = −2 and ν = k Ω, k = 2, . . . 6.
The two latter families have a non zero pz(0) initial ve-
locity and also oscillate round the z = 0 plane crossing it
respectively 2k and 2(k + 1) times per period. All these
sub-families are marginally stable with b2 = −2 due to the
axisymmetry of the potential.
3.2. Influence of the warp
The break in the z symmetry transforms the family of cir-
cular orbits in the unperturbed model into a set of families
pk (main families) with pz(0) 6= 0. The significance of the
indice k will be explained further. Except at bifurcations,
the pk families are stable.
Fig. 3. H–pz(0) phase space (w = 0.005).
The shape of the corresponding orbits can be approx-
imated with the following parametric function:
R(H) = R0(H) + AR(H) cos(2φ− pi), (8)
z(H) = z0(H) + Az(H) cos φ, (9)
parametrised by the azimuthal angle φ. For increasing H ,
AR increases from 0 to 1 kpc, while Az increases from 0 to
8 kpc. This latter variation corresponds almost exactly to
the amplitude of the warp as a function of radius (Az ∼=
wR2). In other words, the main orbit family follows the
density maximum at any radius.
Another influence of the warp is to move the bifur-
cations toward slightly lower energies. The corresponding
transverse bifurcations arise at H = −0.0633, −0.0509,
−0.0398, −0.0298, and −0.0176. Moreover, a new bifurca-
tion takes place within the limits of the diagram at H =
−0.0108, where the subfamily starting at H = −0.0176
rejoins the main family. The other families would also re-
join the main family at higher energies, yet they would
reach radii larger than y(0) = 50 kpc, which was chosen
as a limit for our study of a warped disk. The subfamilies
coming from the corresponding transverse bifurcations are
given the symbol “sk±” where k gives the frequency ratio
ν/Ω at the corresponding bifurcation and the sign is the
one of the difference of pz(0) between the subfamily and
the main family. These families evolve in the same way
as family pk, i.e. they follow the warped disk, so may be
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Fig. 4. Projections over the y = 0, z = 0 planes and the evolution of z as a function of azimuthal angle φ of orbits of the families
s4+ (H = −0.03), s5+ (H = −0.02) and s6− (H = −0.015). The dashed line represents the potential minimum of the warped
disk at a fixed radius which is similar to the main family.
significantly populated in a real disk. Note that the fami-
lies with an odd k conserve the bi-symmetry of the poten-
tial, which is not the case when k is even. Figure 4 displays
a set of three orbits extracted from different subfamilies,
s4+, s5+ and s6−. The right panels show the elevation z
of the orbits as a function of the azimuth φ in comparison
to the elevation of the corresponding main family (dashed
lines). The more the energy grows, the more the subfam-
ilies follow well the main orbit. Although in the absence
of the warp all subfamilies are stable, this is no longer
the case with a weak warp. This point will be discussed
further below.
3.3. Surfaces of section around bifurcations
If the warp has only a slight influence on the shape of the
orbits, it is important to look carefully at the behavior of
the bifurcations in presence of the perturbation. Figures 5
and 8 present a magnification of the H–pz(0) phase space
around the first (r1) and second (r2) bifurcations. Here
the periodic orbits are computed with w = 0.01 in order
to increase the effect of the warp. The physical correspon-
dent would be a galaxy with a warp twice as high as that
observed in the Milky Way at a radius of 30 kpc.
Except for the weak decreasing of pz(0) with respect to
H , the type of the first bifurcation (around H = −0.0633)
remains similar to the one without perturbation (pitch-
fork). The two new generated families (s2+ and s2−) are
both stable. They appear at the same energy as two other
unstable families, namely z2+ and z2−. These are not
seen in Fig. 5 because their projection merges with the
p2 family. They are distinguished from it by a non zero
z(0) and py(0). Projections of families s2+ and s2− are
plotted in Fig. 7.
In order to estimate the importance of orbits asso-
ciated with a stable periodic orbit, we have computed
the surface of the section (z, pz) near the bifurcation
(H = −0.06). Moreover, it allows us to know the number
,-.
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Fig. 5. H–pz(0) and H–y(0) phase space around the first
bifurcation (w = 0.01).
of effective integrals of motion in this specific region of
phase space. In Fig. 6 the stable p2 family is represented
by the cross near the center (z = 0, pz = −0.0058) and
is surrounded by quasi periodic families. The thinness of
these curves indicates that the motion is well decoupled
in z and a third integral exists. At pz = 0.031, z = 0
and pz = −0.043, z = 0 we find respectively the s2+ and
s2− families. The upper and lower panels show details of
the section around these two families. Very thin stability
islands exist. For comparison, the width in pz of the sepa-
ratrix (squares points) is about 1/100 times smaller than
the width between families s2+ and s2−. This gives an in-
dication of the phase space occupied by orbits associated
with these families. The unstable z2+ and z2− families
appear on the separatrix, at pz = −0.0054, z = 0.427 and
pz = −0.0054, z = −0.427. Outside the separatrix, the
invariant curves are regular until pz = 0.06 where the mo-
tion in z begins to be strongly coupled to the motion in x
and y.
The behavior of the second bifurcation r2 around
H = −0.0509 is quite different. Figure 8 reveals that the
family s3+ is in fact the extension of the main family
p2. This arises because the perturbation favors a higher
pz. The s3+ family is also stable. At H = −0.0508 the
families p3 and s3− are created simultaneously. They are
respectively stable and unstable. The whole bifurcation
forms a pitchfork with a symmetry breaking. The shapes
of three of the four families involved in this bifurcation are
presented in Fig. 10. The section after the bifurcations is
shown in Fig. 9 (H = −0.05). The stable p3 family appears
at pz = −0.009 and is surrounded by a set of quasi peri-
odic orbits embedded in the separatrix. The unstable s3−
family belongs to the separatrix at pz = −0.023. The s3+
family is located at pz = 0.006 and its associated orbits
occupy the crescent-shaped region between the separatrix.
Outside, the invariant curves are regular until pz = −0.03
where the motion in z is not longer decoupled. Looking at
Figs. 6 and 9, one can expect a chaotic region around the
separatrix. Due to the thinness of the region around the
unstable points, it is very difficult to find it numerically.
Our study of the bifurcation is limited to the two first
bifurcations, r1 and r2. The behavior of the following bi-
furcations are similar to the first two. The rk bifurcation
Fig. 6. Section (z, pz) at H = −0.06, near the bifurcation r1.
The crosses represent the three stable periodic families s2+
(top), p2 (middle) and s2− (bottom) and the two unstable
sz+ (right) and sz− (left). The upper and lower panels show
a zoom of the section around s2+ and s2−. In this panels the
separatrix is marked with squares while in the middle it is
marked with a bold line. The crosses indicate the position of
the periodic families.
with an odd (resp. even) k is of the same type as r1 (resp.
r2). This difference is related to the symmetry of the fam-
ilies which depends on the parity of k.
In summary, the warp does not destroy the strength of
the main family, which at any H possesses a comfortable
surrounding stable region. For an odd k, the effect of the
warp is: (i) to change the stability of sk− subfamilies and
(ii) to increase the phase space allowed to the associated
sk+ families. For an even k, the subfamilies are quasi un-
changed, preserving a very thin phase space around the
stable subfamilies sk±.
3.4. Influence of rotation
To study the influence of the rotation, we first look for
Lagrangian points. The latter are found by setting the
,43
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Fig. 7. Shape of three orbits linked to the r1 bifurcation (H = −0.06). The dot indicates the starting point of the computation
and the arrow shows the direction of the corresponding initial velocity.
Fig. 8. H–pz(0) and H–y(0) phase space around the second
bifurcation (w = 0.01).
right terms of Eq. (6) to zero. Substituting px, py and pz,









With the form (3) of the warped potential, one can easily
see that the z coordinate must satisfy:
z = ∆z, (11)
with ∆z defined in Eq. (2). This causes the two first







which corresponds to the definition of the corotation,
where Φ0 is the potential without perturbation (Eq. (1)).
Thus the Lagrangian points are degenerated, forming an
annulus following the density maximum with a projection
Fig. 9. Section (z, pz) at H = −0.05, after the bifurcation r2.
The separatrix is marked with a bold line. The crosses indicate
the position of the three periodic families s3+ stable (top), p3
stable (middle) and s3− unstable (bottom).
on the z = 0 plane corresponding to the corotation with-
out perturbation (w = 0).
Despite the fact that a direct and retrograde rotations
respectively add and remove resonances, the type of bi-
furcations as well as the stability and the shape of orbits
are not affected by a global pattern speed. This has been
tested in the range −30 > Rc and Rc > 30 kpc, where Rc
is the corotation radius and a negative value corresponds
to a retrograde rotation.
For a radius less than 40 kpc, both prograde and ret-
rograde 1:1 resonances are not observable in this range of
,-
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Fig. 10. Shape of three among the four orbits linked to the r2 bifurcation (H = −0.0509). The dot indicates the starting point
of the computation and the arrow shows the direction of the corresponding initial velocity.
pattern speed. For a corotation of 7 kpc they appear only
beyond 40 kpc (resp. 30 kpc). Thus they have not been
studied.
The main influence appears when we look at the consis-
tency of orbits with the mass density. If the warp is mostly
self-gravitating and made of thin and distinct tube orbits,
one can check the self-consistency constraint by noting
that the spatial occupation of a periodic orbit is locally
inversely proportional to its local speed (tso ∼ 1/|v|). The
reason is explained by the fact that at a given point of the
orbit, the local speed remains constant in time. This ar-
gument is not available at exceptional points, for example
the points where an orbit crosses itself. Since the density
is proportional to the spatial occupation time, it must
also be proportional to the inverse speed along the orbit
(ρ ∼ tso ∼ 1/|v|). Strictly this condition is only fulfilled
by a structure entirely made of distinct exactly periodic
orbits, such as a disk made of circular orbits. Nevertheless
the check is useful in this problem because few hot orbits
far from periodic round orbits are expected to exist.
In practice, the consistency has been calculated using












ρmax − ρmin , (14)
∆u(φ) =
u(φ)− umin
umax − umin , (15)
and u(φ) = 1/|v(φ)|. The values ρmin, ρmax, umin and
umax are calculated over a period of the azimuthal angle
φ. When ∆ρ and ∆u vary in the same direction, I = 0
and the orbit is consistent. If they vary inversely, as two
cosines with a phase difference of pi, I =
√
pi/2pi.
We have tested the consistency of families pk with re-
spect to the energy (Fig. 11) and radius (Fig. 12), which is
more convenient in galactic dynamics. This has been cal-
culated for different (direct and retrograde) pattern speeds
between −30 > Rc and Rc > 30 kpc corresponding to
−4.5 × 10−3 < Ωp < 4.5 × 10−3 Myr−1. The white re-
gions correspond to I = 0 (consistency) while the darker
gray correspond to a value of
√
pi/2pi (inconsistency). The
shaded parts give the limit of the computation, either be-
cause of the corotation or because of the positive energy
regions. The black pattern points out the missing data due
to computational difficulty arising because of the proxim-
ity of the forbidden regions.
For a direct rotation, except in small regions near the
corotation, the inverse local speed along an orbit varies
exactly in opposition to the density (I =
√
pi/2pi). This
causes it to depopulate the higher density regions to the
advantage of the lower. The density distribution is also
slowly modified. However, for a slowly retrograde rotation
a zone appears around 3 kpc, where the inverse local speed
varies exactly as the density. This latter is also reinforced
and the potential is self-consistent. This zone grows with
increasing rotation and a second zone appears for larger
radii. For a corotation smaller than Rc = −50 kpc the
zones of consistency cover the whole disk under the curve
of zero energy.
The same work applied to the subfamilies sk± reveals
that they are clearly inconsistent with the density distri-
bution, but these families are also less relevant with the
assumption of almost circular rotation.
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Fig. 11. Consistency of orbit occupation with the mass den-
sity as a function of the energy and the global rotation. The
dark gray corresponds to inconsistent regions while the white
are consistent regions. The black parts are missing data. The
shading part represents the limit of the corotation.
Fig. 12. Same graph than in Fig. 11 but as a function of radius
R. The upper shading part represents the limit of the corota-
tion. While the lower is the region where H > 0. The vertical
resonances (ν = k Ω, k = 2, . . . 10) are drawn in solid lines.
4. Conclusions
The previous description of periodic orbits in a warped
analytical potential allows us to draw the following
conclusions.
1) The circular orbit family with an axisymmetric poten-
tial survives the warp and becomes quasi-annular with
a tilt corresponding to the warped galactic disk. Thus,
this work confirms the intuitive idea that the orbits
follow the warp. Without this confirmation, the ring
model of warps would have remained baseless. Note
that the ring model has been used in the past in dif-
ferent contexts, but if the underlying circular orbits do
not exist, the ring model is nonphysical;
2) The existing transverse resonances in the axisymmetric
case are also preserved in the warped case but occur
at slightly lower energies. Subfamilies with the same
period as the quasi-annular family are generated and
most of them keep their stability. In our model, the
perturbation induced by the warp is not strong enough
to generate observable chaotic regions;
3) Since no bifurcation with ν = Ω ± Ωp is generated
by the warp, it is not possible in our model to excite
a 1:1 normal mode, which is often invoked to explain
the galactic warps. Other modes are not favored either
because the stable regions around their corresponding
subfamilies remain very thin;
4) The study of the consistency of the density distribution
underlines the importance of the global rotation. A di-
rect rotation of the warp pattern generates orbits de-
stroying the density distribution, but on the contrary,
orbits can locally reinforce the density in the presence
of a retrograde rotation. This could help maintaining
external warped regions.
The behavior of the discussed periodic orbits will be exam-
ined in N -body models and the results will be the object
of a future paper.
Acknowledgements. This work as been supported by the Swiss
National Science Foundation.
References
Arnaboldi, M., Oosterloo, T., Combes, F., Freeman, K. C., &
Koribalski, B. 1997, AJ, 113, 585A
Briggs, F. H. 1990, ApJ, 352, 15
Battaner, E., Florido, E., & Sanchez-Saavedra, M. L. 1990,
A&A, 236, 1
Becquaert, J.-F., & Combes, F. 1998, A&A, 325, 41
Binney, J. 1992, ARA&A, 30, 51
Burton, W. B. 1992, in SAAS-Fee Advanced Course 21, The
Galactic Interstellar Medium, ed. D. Pfenniger, & P.
Bartholdi (Springer, Berlin)
Casertano, S., Sackett, P., & Briggs, F. H. 1991, Warped disks
and inclined rings around galaxies (Cambridge University
Press)
Contopoulos, G., & Papayannopoulos, T. 1980, A&A, 92, 33
Debattista, V. P., & Sellwood, J. A. 1999, ApJ, 513, L107
Dubinski, J. 1995, ApJ, 431, 617
Dubinski, J., & Kuijken, K. 1995, ApJ, 442, 492
Gerhard, O. 2000, preprint [astro-ph/0010539]
He´non, M. 1982, Physica D, 5, 412
Jiang, I.-G., & Binney, J. 1999, MNRAS, 303, L7
Kuijken, K. 1991, ApJ, 376, 467
Kuijken, K. 2000, preprint [astro-ph/0011345]
Nagai, R., & Miyamoto, M. 1975, PASJ, 27, 533
Mulder, W. A. 1983, A&A, 121, 91
Pfenniger, D. 1984, A&A, 134, 171
Pfenniger, D., & Friedli, D. 1993, A&A, 270, 561
Pfenniger, D., Combes, F., & Martinet, L. 1994, A&A, 285, 79
Reshetnikov, V., & Combes, F. 1998, A&A, 337, 9
Smart, R., Drimmel, R., Lattanzi, M., & Binney, J. 1998,
Nature, 392, 471
Sparke, L. 1984, MNRAS, 211, 911
Sparke, L., & Casertano, S. 1988, MNRAS, 234, 87
Weinberg, M.-D. 1995, ApJ, 455, 31









ﬁ	ê!û*ì%ïEîù#ó\ê!û øïEùKì\òùKú°ðPê!ûUï\ìﬃï\ê!û õÄðòñ= ì%ó\êë¼óEùKêßKûpõñòùKû(ÌípøóEïEùKú¼ðPê!ûÎûEðïEöÌù#öêë¼ógýðë;¼õÄðL
	\÷ùKû\ûÙêípêë¼ó>òð=òùKû\ú¼ðPê-
















ﬁD  øóEðê2êß õ^	!ì%ëPûEùKû\óÙõÄë	!êSê!ûì%ïEîù#ó\ê!ûF øïEùKì\òùKú°ðPê!ûõ!öê	ß õ>êëPûEù#ó\ø2òðXípì5]ßKê-Ìû\ì%ðß#ù}ÈëPê
ß  ù#íÂì%ïEóÙõÄë	!ê<  ðëPêÎï\ì%óÙõÄóEùKì%ëﬀÈßKì%îõÄßKêòðﬂ¼õÄð	\÷ùKû\ûÙêípêë¼ó
Dw°ùß õüï\ì%óÙõÄóEùKì%ëê!û\ó*òù#ï\ê	ó\ê ì%ð
ë¼ðß#ßKê-°ß õUûEóEïEð	óEðï\êVê!û>ì%ïEîù#ó\ê!û[	ù#ï	ðß õÄù#ï\ê!û7ö%õ>gnß  êë	!ì%ë°óEï\êVêÕß õ*êëPûEù#ó\ø-°ß õnöÌù#ó\ê!û\û\êøóÙõÄë°ó
























































































































éÆõÄëPûÆßKêX	Ù÷õù#óEï\êï\ø	!øêë¼ó¹ëPì%ðPûIõ!öì%ëPûÆípì%ë¼óEï\øpß  ê·ñÌùKûEó\êë	!êÎêóÆß õXûEóÙõÄîù#ß#ù#ó\ø<  ì%ïEîù#ó\ê!ûG ø8L
ïEùKì5òùKú°ðPê!ûD êð]ß õÄë¼ó7ðëÂì%ó\êë°óEùKêßêjòùKû\ú¼ðPêj¼õÄð	\÷ù
\ﬁõUûEóÙõÄîù#ß#ù#ó\øV<  ðëPêÕì%ïEîù#ó\êVÂøïEùKì5òùKú°ðPêë  ê!ûEó
õ%û-ûEð ûÁõÄë¼ó\êF ì%ðïõ%ûÙûEðï\êï¬ß õS	!ì%ëPû\êïEöÈõÄóEùKì%ëgÕßKì%ë]nó\êïEípê[<  ðëX¼õÄð	Ù÷ùKû\û\êípêë¼ó
np¬ì%ðï;ê·ñPõÄíÎù#ëPêï
	!ê> ì%ù#ë¼ó2ß#ðPûnêëøóÙõÄù#ßÂù#ßê!ûEóëPø	!ê!û\ûÙõÄù#ï\êXê^eïÙõÄë	Ù÷ù#ïnðëPêzøóÙõ êUPõÄëPûÆß õpípì5øß#ùKûÙõÄóEùKì%ëﬂ<  ðëPê
¼õÄß õñòùKêH¼õÄð	Ù÷ùKê-




 õÄß}Èï\øV	!êóEó\êmû\ù#íß#ùf	²õÄóEùKì%ë¼ß  ê!û\ûÙêë¼óEùKêßêß õ*ÌëõÄíÎùKú¼ðPêmê!ûEó
	!ì%ïEï\ê	ó\êípêë°ómï\êWï\ì5òðù#ó\êUêóß  øöì%ß#ðóEùKì%ëÈßKì%îõÄßKê*êÆß õX¼õÄß õñòùKêG ì%ðïEïÙõdóEï\ênøóEðòùKø!ê/êë:øóÙõÄù#ß

iëß#ðPûSêUß  øóEðêUêIß õ	!ì%ëPû\êïEöÈõÄóEùKì%ëòð¼õÄð	\÷ùKûÙû\êípêë¼óÂëPìÈûê8| ì%ïEó\ûû\êGeì5	²õÄß#ùKû\êï\ì%ë¼óÆûEðï
ß  øöì%ß#ðóEùKì%ë®êýß õ=ﬁCPSR>
H7ì%íÎípêøvAg ípêë°óEùKì%ëëPø õÄð	Ù÷õù#óEï\êE ß õ:í õYAEì%ïEù#ó\øê!ûK¼õÄß õñòùKê!û
¼õÄð	Ù÷ùKê!ûHï\ø!û\êë°ó\êë¼ómðëPê*ﬁCPSRú¼ðõ%ûEù#ípêë°ójòï\ì%ù#ó\ê"07ïEù}-û)+-+-~/0>ðïEó\ì%ëk)+-+-478
7êóEó\êG	²õÄïÙõﬃ	8L
ó\øïEùKû\óEùKú¼ðPêï\êWï\ø!û\êë°ó\ênðëbø8_ ì%ðïßKê!û7óE÷Pø!ì%ïEù9	ùKêëPû	²õÄïòêëüïÙõÄùKû\ì%ë:êß õIï\ì%óÙõÄóEùKì%ë:òùf| øï\êë°óEùKêß#ßKê




ì%ë°ó øó\øH	!ì%ëPûÙõﬃ	ï\ø!û6g2	!ê$ï\ì%îß9ípê-¼êëpûEð]] ìÈûÙõÄë°ó;ß õSï\ø!û\êë	!êH<  ðëp÷õÄßKìUí õ%û\ûEùfe<ì%íÎù#ëõÄë¼ó ß õ2\L
ëõÄíÎùKú°ðPê$òðòùKû\ú°ðPê*"pqêóEï\ì%ð)+--~/ÈéÆêW1êß%®w°÷ßKìÈûEí õÄë)+--t/5w\õÄï(1ê-)+-`\78
-Rmì%ðPû øóEðòùKêï\ì%ëPû
	!ê ì%ù#ë¼ó*êëM	!ì%ëPûEù9øïÙõÄë°óXß#ðPûEùKêðï\ûzípì\]ßKê!ûQì%ë¼ó*ß  øWõÄùKû\ûÙêðïUêþß õjí õÄóEù9ï\êXëPì%ù#ï\êK	!ì%ë¼ó\êë°ðPê
PõÄëPûðëòùKû\ú°ðPêÆí õ%û\ûEùfe-ö%õÄïEùKê-

¬ ù#ëõÄßKêípêë°óòß  øóEðêVêmß  øöì%ß#ðóEùKì%ëb<  ðëbòùKû\ú¼ðPêj¼õÄð	\÷ù<PõÄëPû7ðëXûÌûEóípêõÄðó\ìL	!ì%ëPûEùKûEóÙõÄë°ó
ëPì%ðPûV êïEípêóEóEïÙõêIöøïEùfêïmß õpö%õÄß#ù9òù#ó\øUê!ûmípì\]ßKê!ûêë õÄëëPê²õÄðòñ<ìﬃ ßKê^òùKûÙú¼ðPê^¼õÄß õﬃ	óEùKú¼ðPêzê!ûEó








ó\ì%ðój< `õÄî ì%ï: ì%ðöì%ù#ïípì5øß#ùKû\êïÕðëPê*¼õÄß õñÌùKêG¼õÄð	Ù÷ùKê-
Rì%óEï\ê*	Ù÷Pì%ùNñZû  øóÙõÄë¼óVÂì%ïEó\øUû\ðïðëZû(òûBL
óípêRjL	!ì%ï(PûCPõÄëPûUðëEï\êíÎùKêïIó\êíPû	ëPì%óEï\êþì%îA3ê	óEùfeê!ûEó^êòùKûEóEïEù#îðPêï>R õÄïEóEù9	ðßKê!ûUPõÄëPû




















































































































ípì%ë°óEï\êë¼ó;ú°ðPê ß õmí õÄóEù9ï\ê7ëPì%ù#ï\ê7ë  ê!ûEóCõ%ûmì%íÎù#ëõÄë°ó\êõÄðU	!êë°óEï\ê$ê!ûQ¼õÄß õñÌùKê!ûH³? êù#ëPêï4wÌêß#ß$5>ìÌì5











































































































































!UõÄß#ëõYAEû*B)+-+-+478	-  ê!ûEóBLrgYLòù#ï\ê-ßKêS	²õÄïEï\ø^êÆß õzö°ù#ó\ê!û\ûÙêêë_eì%ë	óEùKì%ëòðcßKìﬃ¼õÄïEù#óE÷ípê*êÆß õXòùKû\óÙõÄë	!ê
õÄðﬂ	!êë¼óEï\ê-







































































ﬁê*e¸õﬃ	ó\êðïÅúM êïEípêóGê>	!ì%ë°óEïSß%ßKêïUß õþûEóÙõÄîù#ß#ù#ó\øXòðòùKû\ú°ðPê-ÂêëAõÄð]Èípêë°óÙõÄë¼óIõÄïEóEùf	ùKêß#ßKêípêë°óUß õ
òùKûÂêï\ûEùKì%ëKêöÌù#ó\ê!û\û\êïÙõﬃòù õÄßKê-


















anß õ*	!ì%ðïEî êjêÕï\ì%óÙõÄóEùKì%ëþó\ì%óÙõÄßKêê!ûEó;ù#ëøW êëPõÄë¼ó\ê2êÕß õ*òùKûEóEïEù#îðóEùKì%ëXöêïEóEù9	²õÄßKê









5pqì%ðïøóEðòùKêï ß  ù#ë¯ÍPðPêë	!êSêß  øWõÄùKû\û\êðï[êß õní õÄóEù9ï\êÕëPì%ù#ï\êÕûEðï>ß õG	!ì%ëPû\êïEöÈõÄóEùKì%ë















a,47(78õÄð]Èípêë¼ó\êïüß  ø	\÷Pêß#ßKê öêïEóEù9	²õÄßKê<  ðëòùKû\ú°ðPê-
































¼-	õÄù#ëPû\ù ú¼ðPê ûÙõeï\ø!ú°ðPêë	!ê øWù9	W	ßKê
öêïEóEù9	²õÄßKê-























nymðPì%ùKú°ðPê$ß#ðPûßKêë¼ómõÄï ïÙõ]Âì%ïEóZg2ê!ûD	!ì5ê!ûêëÈïEù#ß#ßKê¯Ð8Ñ Òﬁﬀﬂﬃ "!"#78-	!êór\ ê$ê
















3!465ﬁ7iÓ(ÒÓ¥Ô]7ê!û\óD	\÷Pì%ùKûEùêí õÄëù9ï\êVg2	!êú¼ð  ðëPêî ì%ðßKê$êïÙõì%ë82 ûEù#óEðPø!ê$PõÄëPûßKêFß õÄëòðòùKû\ú°ðPê-

















































































































ípøóEïEùKú°ðPê^g*ß  ø!ú°ðù#ß#ù#îï\ê-PõÄëPûÕðëZøóÙõÄó$¼õÄð	\÷ùûÙõÄëPûóEï\ìﬃ: êïEóEðïEî êïûÙõÎûEóEïEð	óEðï\ê*PõÄëPûÕß  ê!û(õﬃ	!ê
ê2÷õ%ûÙê-









	!ì%ë°óEïSß%ßKø!ê-¹ß  ê8|¹êó2<  ðëPêX êïEóEðïEîõÄóEùKì%ëEÈïÙõ²ö°ù#óÙõÄóEùKì%ëëPêß#ßKê-
CﬁõþípøóE÷Pì\ê	!ì%ëPûEùKû\ó\êgXõ]ß#ùKú°ðPêï/õÄð














































zmë ípì5]ßKêSêjêëPûEù#ó\øê!ûEó>ì%îó\êë°ðcêëKòùKûEóEïEù#îðõÄë°óß  êëPû\êí/îßKê2ê!û6õÄïEóEù9	ðßKê!û[PõÄëPû7ß õ*ÈïEù#ß#ßKê-

ﬁ	ê[ ì%ó\êë¼óEùKêßPê!ûEó-êëPûEðù#ó\êì%îó\êë¼ðþêëIï\ø!û\ì%ß#öÈõÄë¼óë°ðípøïEùKú¼ðPêípêë°ó ß  ø!ú°ðõÄóEùKì%ëê[pqì%ùKû\û\ì%ë
-omð>PëõÄß










pqì%ðïH	\÷õ%ú°ðPêG	!êß#ß#ðßKê-ðëPêöÈõÄßKêðïHêmß õ>eì%ï	!êùKû\ûEðPê2òðb ì%ó\êë¼óEùKêß¹ëPì%ëb êïEóEðïEîÂøÆê!ûEóì%îó\êë¼ðPê
õÄïXòùf| øï\êë°óEù õÄóEùKì%ëPëùKê-























































































































































































































































































































































































































































































































õÄë]ÈßKê6 ì%ß õÄù#ï\êc7	öÈõÄïEùKêë¼ó-êë>ehì%ë	óEùKì%ëXòðIïÙõì%ëê ß `õÄëëPê²õÄð
47êóEó\ê>ípøóE÷Pì\êõøó\ø6ï\ìﬃ ìÈû\ø!êZ ì%ðï
ß õï\êíÎù9ï\ê_eì%ùKûXõÄïsÕìﬃû\óÙõﬃ<l?AïEù}È÷¼ó% ﬁ	ì5	1Ì÷õÄïEóB)+43Y`\78l ì%ðïÎípì\øß#ùKû\êïÎßKê!ûòùKû\ó\ì%ï\ûEùKì%ëPû
ì%îPûÙêïEöø!ê!ûPõÄëPûÎß õﬂ	ù#ëPøí õÄóEùKú°ðPêòð #SqUêb	!êïEóÙõÄù#ëPê!û¼õÄß õñòùKê!ûpû(ù#ïÙõÄßKê!û
ZﬁD `õ!öÈõÄë¼óÙõêê:	!êóEó\ê








 ìÈûEù#óEùKì%ëPûßKê>¼õÄð	\÷ùKû\û\êípêë°óUû\êIí õÄëùfehê!ûEó\ê>õÄïÆðëPê>øöÌù õÄóEùKì%ë õ%û(ÌípøóEïEùKú¼ðPêUêzß õpí õÄóEù9ï\êUõÄï




7êóEó\êIó\ì%ï\û\ùKì%ë ê!û\ómï\øW êï	ðó\ø!êXPõÄëPûmß  ê!ûõﬃ	!êUê!ûöÌù#ó\ê!û\û\ê!ûÂêë]êëòïÙõÄë¼ónßKê!û2	!ì%ðïEî ê!û
<  ùKûÙìL¸ö°ù#ó\ê!û\ûÙêÆó5ùKú¼ðPê!ûVê!û$¼õÄß õñÌùKê!ûH¼õÄð	\÷ùKê!ûXöì%ù#ïj0ìÈûEí õ)+-)²õ]õÄïÕê·ñêíßKêc78

ﬁõï\êíÎù9ï\êýípøóE÷Pì\êcë  ðóEù#ß#ùKûÙêZú°ðPêcß  ù#ëehì%ïEí õÄóEùKì%ëGû(õÄóEù õÄßKê_eì%ðïEëùKê:õÄï ß õÂìÈû\ù#óEùKì%ëuê!û
õÄïEóEù9	ðßKê!ûc












































ê!û\óß õz÷õÄðó\êðïÕí õñòù#í õÄßKê*ênß `õÄëëPê²õÄð:õÄïïÙõ] ì%ïEómõÄð:ß õÄëﬀ±³²C´(µ]¶8

t




















































































































































































































































iëXß#ðPûQê7ß  ù#ëeì%ïEí õÄóEùKì%ë	!ì%ë¼ó\êë¼ðPêjPõÄëPû¬ßKê!ûl ìÈûEù#óEùKì%ëPû	!êóEó\ê7ípøóE÷Pì\ê7ðóEù#ß#ùKû\ê7ß  ù#ëeì%ïEí õÄóEùKì%ë
	!ì%ë°ó\êë¼ðPê2PõÄëPû>ßKê!û öÌù#ó\ê!û\û\ê!û
¼éÆõÄëPû>ßKêj	Ù÷õù#óEï\êSt¼ëPì%ðPû7õ²öì%ëPû7ípì%ë¼óEï\øÆú¼ðPêß õ2e¸õÄíÎù#ß#ßKêVê!û7ì%ïEîù#ó\ê!û
	ù#ï	ðß õÄù#ï\ê!û û\ê	!ì%ëPûÙêïEö%õÄù#óPõÄëPû*ðëòùKû\ú°ðPêK¼õÄð	\÷ùó\ì%ðóÎêë¨û  ù#ë	ß#ù#ëõÄë¼óZêþí õÄëù9ï\ê:g ûEðù#öÌï\ê
ß õXó\ì%ï\û\ùKì%ëﬀòðﬀòùKû\ú°ðPê-
<ië:ûEð]] ìÈûÙõÄë°ó/ú¼ðPêPõÄëPûnëPìÈûUípì5]ßKê!û*RjL	!ì%ï(Pû¹ßKê!ûUì%ïEîù#ó\ê!ûIû\ì%ë¼ó/ê8|¹ê	8L
óEù#öêípêë°ó*ï\ì5	\÷Pê!û*<  ì%ïEîù#ó\ê!û*	ù#ï	ðß õÄù#ï\ê!ûcPõÄëPûnðëAøóÙõÄóUûEóÙõÄóEùKì%ëëõÄù#ï\ê-¹ß õ_òù#ï\ê	óEùKì%ëﬀòðAípì%ípêë°ó








































































































7ê/ór\ êUê^ÈïÙõ÷PêÎõ ß `õ!öÈõÄë¼óÙõêêIípì%ë¼óEï\êïUêë ídípêzó\êíPû




















¼õÄð	Ù÷ùKêVg2õÄïEóEù#ïZ<  ðëþípì\]ßKêÕêëþõÄëëPê²õÄðòñnì%ë¼ó ß õGÂìÈûEù#óEùKì%ëþê!ûEóZø8PëùKê$õÄï;ïÙõ] ì%ïEó[gðëß õÄë
ê*ï\ø8eøï\êë	!ê-
énõÄëPû*	!êõÄïÙõÈïÙõ÷Pê-ëPì%ðPûUípì%ë°óEï\ì%ëPû/ß  ù#í ì%ïEóÙõÄë	!êòðﬀ	Ù÷Pì%ùNñEê	!êß õÄëE ì%ðï
ðëPêÆî ì%ëëPênï\êWï\ø!û\êë°óÙõÄóEùKì%ëòðb¼õÄð	Ù÷ùKû\û\êípêë¼ó

ﬁ¬õj¼õÄß õñòùKêøóÙõÄë¼óù#ëù#óEù õÄßKêípêë°óZPõÄëPû-ßKê[ß õÄë±³²k´(µ¶8%ù#ßê!ûEó-ëõÄóEðï\êß<  ê8| ê	óEðPêïDê!ûm	!ì%ð] ê!ûlõÄï
ïÙõ] ì%ïEóSg	!ê*ß õÄë
<7ì%íÎípê/ëPì%ðPûmßKêUöêïEï\ì%ëPû2PõÄëPûmßKê!ûjõÄïÙõÈïÙõ÷Pê!ûÆûEðù#öÈõÄë¼ó\ûß `õ]ß#ù9	²õÄóEùKì%ëﬂê
ß õS êïEóEðïEîõÄóEùKì%ë ípì5òùfêßKêípì%ípêë°ó[	ù#ëPøóEùKú°ðPêó\ì%óÙõÄßêß õG¼õÄß õñÌùKê-
4o ß õSPëêß õnûEù#í/ðß õÄóEùKì%ë¼ßKê
òùKû\ú°ðPê7ï\êóEï\ì%ðöêðëÎøóÙõÄómß õÄë%ù#ë	ß#ù#ëPø$õÄï-ïÙõ]Âì%ïEóZgÆûÙì%ë*øóÙõÄóù#ëù#óEù õÄß
ÈénõÄëPûD	!ê!ûm	!ì%ëòù#óEùKì%ëPûcÈðëPê















zmëPêjû\ì%ß#ðóEùKì%ëuß#ðPûGA3ðòù9	ùKêðPû\êZê!ûEó<  ê8| ê	óEðPêïþß õﬂø	!ì%íÂìÈû\ù#óEùKì%ëuõÄï ïÙõ] ì%ïEóg ðëuß õÄë
õÄß#ù}ÈëPøÕõ²öê	ßKê!û ï\øWÈùKì%ëPû6	!êë°óEïÙõÄßKê!û6êß õG¼õÄß õñÌùKê-


















































































































ï\ø!ûÙêë¼ó\êH	ß õÄù#ï\êípêë°ó ðëPê$	!ì%ðïEîðï\êHê$ß#ðPûmêÃ^êWÈï\ø!û õÄð	!êë¼óEï\ê-
\ﬁ	ê!ûmÈïÙõ÷Pê!ûZ¥mGêóDm
ípêóEó\êë°ónîùKêëAêë øöÌù9êë	!êzß  ê·ñÌùKûEó\êë	!êX<  ðëPêzï\øWÈùKì%ëﬂ	!êë¼óEïÙõÄßKêÎêë°óEï\êqþêóqEB~­®¡-
<7êóEó\êzï\øWÈùKì%ë

















































































































































































































	!ì%íÎípêX	!êë¼óEï\êU¼õÄß õﬃ	óEùKú°ðPêXÂì%ðïß õKø	!ì%íÂìÈû\ù#óEùKì%ë êë õÄëëPê²õÄðòñ<
7ì%íÎípêzêëøëPøïÙõÄß ß õ îõÄïEï\ê



































iëeì%ë	óEùKì%ëòðK	\÷Pì%ùNñòð ì%ù#ë¼ó[ï\ø	!øêë¼ó°ðëPêï\ì%óÙõÄóEùKì%ëXó\ì%óÙõÄßKêjêÕß õ2¼õÄß õñÌùKêmê!ûEó ê8|¹ê	óEðPø!ê-






































Ł¼WÉ ¦ 	!ì%íÂìÈûÁõÄë¼ó\ê*òðcöê	ó\êðïÕëPì%ïEí õÄß6"øó\êïEíÎù#ëPø^õÄïßKêÆípì%ípêë¼óS	ù#ëPøóEùKú¼ðPêc7
Ł<ºﬃÉ  	!ì%íÂìÈûÁõÄë¼ó\êG²òðjöê	ó\êðïëPì%ïEí õÄßqõÄðbß õÄëênï\ø8ehøï\êë	!ê
Ł<»É  	!ì%íÂìÈûÁõÄë¼ó\êGµ_òðjöê	ó\êðïëPì%ïEí õÄß¬õÄðß õÄëêÆï\ø8ehøï\êë	!ê


























ﬁD `õÄíß#ù#óEðê^òð:¼õÄð	Ù÷ùKû\û\êípêë°óê!ûEóîùKêëZö°ùKûEù#îßKênû\ðïß õUï\ìA3ê	óEùKì%ëê2ï\ìPßkênß õX¼õÄß õñòùKê-













ﬁD  ø	Ù÷Pêß#ßKêêcß õE	²õÄïEó\ê:	!ì%ïEï\ê!û( ì%ëPõÄë¼óKgAß õ ÷õÄðó\êðï ípìêëëPêòð ß õÄë;û  øó\êë êë¼óEï\êEÞÊ êó
Ê­®<¡-
\ﬁD `õÄíß#ù#óEðêGêmß õUø8ehì%ïEí õÄóEùKì%ëcê!ûEó7îùKêëcû(ÌípøóEïEùKú¼ðPêêóß õ^ﬁCPSRê!ûEóF	ß õÄù#ï\êípêë¼óöÌùKûEù#îßKê-

w°ðïÆß õ_	²õÄïEó\êê!ûÆöÌù#ó\ê!û\û\ê!ûïÙõﬃòù õÄßKê!û"êb²Ã:gM@J²Ã~­/.mk£878ÂßKê!ûÆï\øWÈùKì%ëPû^gXöÌù#ó\ê!û\û\êIïÙõﬃòù õÄßKêÎë°ðß#ßKê
û\ì%ë°ó$Âêï( êëòù9	ðß õÄù#ï\ê!û2gzß õﬁCPSR@ßKênßKì%ë]êÆß `õñê*ê!û$²78


















ÅK½ EãéÃ8ê!ûEóK	!ì%íõÄï\ø!ê õ²öê	jßKê:¼õÄð	Ù÷ùKû\û\êípêë°óXù#í ìÈû\øﬀ"¬qù}
Z`
})478



















































































































































¼õÄð	Ù÷ùKû\û\êípêë°ó:òù#íÎù#ë¼ðPêï\ìﬃÈï\ê!û\ûEù#öêípêë°óFõ%û\ûÙõÄë°ó_ê Ê=g Ë=­®<¡ ì%ðïþßKê!ûXï\øWÈùKì%ëPûXßKê!ûKß#ðPû
ê·ñòó\êïEëPê!û





noÕðLêßhgGêj	!êïÙõì%ë¼ß õGﬁCPSRGû  ù#ë	ðïEöêjPõÄëPû;ßKêû\êëPû;ìﬃ] ìÈû\ø















ﬁD  øöì%ß#ðóEùKì%ëòð¨ípì5]ßKê:~- ê!ûEó õ%û\û\êWŁcû\êíIîß õÄîßKêZõÄð¨ípì5]ßKê~)--íÎùKûgõÄïEópßKêeõÄù#ópú°ð  ù#ß
ëPê ûEðîù#ó^õ%û><  ù#ëPûEóÙõÄîù#ß#ù#ó\ø	!ì%íõÄïÙõÄîßKê-
QiëM	!ì%ëPû\ø!ú¼ðPêë	!ê-ßKê¼õÄð	\÷ùKûÙû\êípêë¼ó*ë  ê!ûEó*õ%û/í õÄù#ëL










7ì%ë¼óEïÙõÄù#ï\êípêë¼óÎõÄðòñﬂêðòñ ípì5]ßKê!ûGï\ø	!øêë¼ó\ûc	ß õ_ﬁCPSR û  ù#ë	ðïEöê õÄðE	!êë°óEï\ê-
CwÌì%ë êëï\ì%ðL
ßKêípêë°óXê!û\ó îùKêëlöÌùKûEù#îßKêýûEðï ß õ ï\êWï\ø!û\êë¼óÙõÄóEùKì%ëOIù}LﬁCPSR êZß õE¬qù}
D`
}),õÄù#ëPûEùmú°ðPêZû\ðïpßKê!û
	²õÄïEó\ê!ûXòð=ß õÄëípìcêë;êþß õ¬ ù}
CiH
 35










ﬁêípì\]ßKêj~`Iê!ûEóD	²õÄïÙõﬃ	ó\øïEùKû\ø$õÄï;ßKê$øöêßKìﬃ] êípêë¼ó7ïÙõù9êH<  ðëòùKûÙú¼ðPêù#ë°ó\êïEëPêHß õÄó4ì%ë°ó





































w°ù ß  ì%ëbø8Pëù#óðëbòùKû\ú°ðPê2	!ì%íÎípênøóÙõÄë¼óëPì%ëb¼õÄð	\÷ùßKì%ï\û\ú¼ðPêß õUòùf|¹øï\êë	!ê
¥ Á
Ç
° ¸¥ Â5Ã° ê!ûEó*ß#ðPûG êóEù#ó\êpú°ðPêL°&]ﬃ<	!êpú°ðùZ	!ì%ïEï\ê!û( ì%ëﬂß#ðPû/ì%ð ípì%ù#ëPûUgXðëE¼õÄð	\÷ùKûÙû\êípêë¼óU`
eì%ùKûXß#ðPûe¸õÄù#îßKêcú¼ðPêb	!êß#ðùVêcß õ;ì%ùKê:ﬁõﬃ	ó\ø!ê- ß õòðï\ø!ê:òð í õÄù#ë¼óEùKêë¾òð ¼õÄð	\÷ùKûÙû\êípêë¼óXê!ûEó







mw°ù ßKêþïÙõ] ì%ïEóIû\ê îõ%û\ê







})c3mß õSï\ø!û\êë	!êîùKêë í õÄï\ú¼ðPø!êF ì%ðïßKê!ûípì5]ßKê!û

































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































































p¬ì%ðïmíÎùKêðòñ	!ì%íï\êëòï\ê/ß  øöì%ß#ðóEùKì%ëòðòùKû\ú°ðPê-PûEð]] ìÈû\ì%ëPûÕú°ðPênß õø	!ì%í ìÈûEù#óEùKì%ë êëýõÄëL
ëPê²õÄðòñKòðXípì5]ßKê2~-/û\êmï\ø!ûEðípêGg>êðòñXõÄëëPê²õÄðòñÌðë_ ì%ðï>ßKê!û7ï\øWÈùKì%ëPû7ù#ë¼ó\êïEëPê!ûêó7ðëKÂì%ðï7ßKê!û
ï\øWÈùKì%ëPûIê·ñÌó\êïEëPê!ûc
ÈðPûEó\êXõï!ûUß õ_ êïEóEðïEîõÄóEùKì%ëﬀÅG½EãéÃ8]ßKê!û*êðòñ:õÄëëPê²õÄðòñ:ì%ë°óUgK êðEï!û











ﬁQPSR õ%û\ûÙõÄë°óGõÄïÆßKê	!êë¼óEï\ê- ù#ßQeõÄðóÆù#í õÈù#ëPêïUßKê!ûÆï\øWÈùKì%ëPûG	!êë°óEïÙõÄßKê!ûIõÄß#ù}ÈëPø!ê!û/õ²öê	*ßKê!ûÆï\øWÈùKì%ëPû
 øïEù}÷PøïEùKú°ðPê!û êóUêë¼óEï\êêðòñ<ðëPêUõÄïEóEùKêòðﬂòùKû\ú°ðPêÎõÄß#ù}ÈëPøpõ!öê	*ßKêzípì%ípêë¼ó^	ù#ëPøóEùKú°ðPêzó\ì%óÙõÄß






























































































































































































































































ëPì%ðPûÕê·ñõÄíÎù#ëPì%ëPûVêní õÄëù9ï\ê*øóÙõÄù#ß#ßKø!ê-Pß  ì%ïEù}Èù#ëPê^ênß  øöì%ß#ðóEùKì%ëênß õXﬁQPSR>

éÆõÄëPûÆðëAípì5]ßKêÎêë õÄëëPê²õÄðòñ û\ù#íßKê:öì%ù#ïGõÄïÆê·ñêíßKê07ù#ëëPêW4Èù õÄë]% éðóEóÙõm)+-+-478
ß  øöì%ß#ðóEùKì%ë<  ðë õÄëëPê²õÄðCøW êëê!ûÙû\êë¼óEùKêß#ßKêípêë°óêpß õcípì5òùf	²õÄóEùKì%ëê û\ì%ëípì%ípêë¼ó	ù#ëPø8L
óEùKú°ðPê-òù#ëòðù#ójõÄïßKê!ûj	!ì%ð]ßKê!ûHÈïÙõ!öÌù#óÙõÄóEùKì%ëëPêßKûùKû\ûEðPû$ê!ûÕõÄðóEï\ê!ûõÄëëPê²õÄðòñ

zÕë ïÙõÄùKûÙì%ëëPêípêë¼óÎûEù#íßKêÎëPì%ðPûIípì%ë¼óEï\êXú¼ðPêpßKê!û^	!ì%ð]ßKê!ûzêë¼óEï\êüõÄëëPê²õÄðòñ ëPê û\ì%ë°ó*õ%ûIû\ðeÒL
ûÁõÄë¼ó\ûKÂì%ðïXê·ñ5ß#ùKú°ðPêïXß õ ï\ì%óÙõÄóEùKì%ëOòù#ï\ê	ó\êê!û ï\øWÈùKì%ëPûXù#ë¼ó\êïEëPê!ûE"
!
























































Zië òù#ö°ùKûÁõÄë¼óÎðë òùKû\ú°ðPêcêë û\øïEùKêb< `õÄëëPê²õÄðòñ<


























































































































	éÆêÎídípê-ßKê!û*êðòñEêïEëùKêï\ûUó\êïEípê!ûIï\êWï\ø!û\êë¼ó\êë°óIß õcö%õÄïEù õÄóEùKì%ëMòðPê õÄð
	!ì%ð]ßKêGÈïÙõ²ö°ù#óÙõÄóEùKì%ëëPêß
Rì%ðPûßKê!ûï\êWÈï\ì%ð] êï\ì%ëPûÕû\ì%ðPûßKêÆß õÄî êßÊï·ó\ì%ï(1;ïﬃ

pqì%ðïqîùKêëU	!ì%íï\êëòï\ê7ß õHÌëõÄíÎùKú°ðPê6<  ðëPê6¼õÄß õñÌùKê6¼õÄð	\÷ùKê-Äù#ßÌê!ûEóù#í ì%ïEóÙõÄë¼ómê[	!ì%ëëõYKóEï\ê













































































±³Å ñ ¶8 êë




















zÕëKï\êíÎùKêï$	!ì%ð]Pû[<  ìÌêù#ß ëPì%ðPû7ù#ëòùKú¼ðPêÆú°ðPêÕßKêmó\êïEípê2êV	!ì%ð]ß õê2ÈïÙõ²ö°ù#óÙõÄóEùKì%ëëPêßZîßKêð7>êó
ßKêó\êïEípê2êóEïÙõÄëPû( ì%ïEóHêmí õ%ûÙû\êUöêïEóN7 ûÙì%ë¼ó$òðüídípênì%ïòï\êSêSÈïÙõÄëêðï
ﬁêðïF	!ì%í ìÈûÙõÄë°ó\ê!û

























































































o ß  ìﬃ]ÂìÈû\ø- ßKê*ó\êïEípêêÍPðòñ êë°óEïÙõYKëPêpðëPê


















































w°ù¬ßKê!û*ø!ú°ðõÄóEùKì%ëPûêXß õýípø	²õÄëùKú¼ðPê_	ß õ%û\ûEùKú°ðPêXëPì%ðPûXÂêïEípêóEó\êë°óê_	!ì%íï\êëòï\êcß  ì%ïEù}Èù#ëPê
ê ß õöÈõÄïEù õÄóEùKì%ë&òð9ípì%ípêë°ó	ù#ëPøóEùKú°ðPêEòðPê õÄð®	!ì%ð]ß õêEÈïÙõ²ö°ù#óÙõÄóEùKì%ëëPêßzêë¼óEï\ê:õÄëëPê²õÄðòñ<ù#ß
ë  ê·ñòùKûEó\ê>õ%ûGgpëPì%óEï\êU	!ì%ëëõÄùKû\ûÙõÄë	!êX<  ø!ú°ðõÄóEùKì%ë ú°ðùqï\øWÈùKû\û\êIßKê/óEïÙõÄëPû( ì%ïEó2ê/í õ%û\ûÙê-øW¼õÄßKêípêë°ó














































































































































































































òðï\ø!ê2êÆöÌùKêV<  ðëb¼õÄð	Ù÷ùKû\û\êípêë¼óV< `õÄíß#ù#óEðêUûEù#íÎù#ß õÄù#ï\ê*gU	!êß#ßKêGêß õ^;ì%ùKêGﬁ¬õﬃ	ó\ø!ênê!ûEóß#ù#íÎù#ó\ø!ê
PõÄëPûzßKêþó\êíPû
DwÌì%ëó\êíPûXêXöÌùKê ór\ùKú°ðPêüê!ûEóUêþß  ì%ïòï\ê_<  ðë ó\êíPû°ëõÄíÎùKú°ðPêﬂ³ÂøïEùKì5ê




7ì%ë°óEïÙõÄù#ï\êípêë¼ó:g ß õ óE÷Pø!ì%ïEùKêcëõöê:ø	ïEù#ó\êPõÄëPûÎßKê_õÄïÙõÈïÙõ÷Pê
 `
})ﬀõ]ï\ì²ñÌù#í õÄóEùKì%ë
øWù9	W	ßKêc78ß õﬂﬁQPSR ù#ëù#óEù õÄßKêípêë°óKòï\ì%ù#ó\êcëPêcûc  êëï\ì%ðßKêbõ%û
momð 	!ì%ë¼óEïÙõÄù#ï\ê- êß#ßKêýõß#ðóSß%ó


















qtßê·ñòùKûEó\êüðë¨ï\ø8ehøï\êë°óEùKêßHïEù#öÌù#ßKøWÈùKø:PõÄëPûÎßKê!ú°ðPêßß õﬁCPSR  êðópû\êbø	!ì%í ìÈû\êï êë êðòñ
ûÙêWÈípêë¼ó\ûKß#ðPû ì%ð ípì%ù#ëPûòï\ì%ù#ó\û
[7êjï\ø8eøï\êë¼óEùKêßë  ê!ûEóXõÄðóEï\êýú¼ðPê:	!êß#ðùìﬃlß `õñêê!ûEó
	!ì%ëeì%ëòð õ!öê	IßKê/ípì%ípêë°óG	ù#ëPøóEùKú¼ðPêIó\ì%óÙõÄßQêIß õ¼õÄß õñòùKê-
 énõÄëPûV	!ê/ï\ø8ehøï\êë°óEùKêß ßKê!ûVêðòñ






ﬁZ  øöì%ß#ðóEùKì%ë<  ðëòùKû\ú°ðPêUõÄðó\ìLÈïÙõ!öÌù#óÙõÄë¼óV¼õÄð	\÷ù¬ë  ê!ûEó$õ%û$ì%íÎù#ëPøGõÄïßKê!û$	!ì%ð]ßKê!ûõÈùKûBL





















































































































































































































































































































































































































































































































































































































































































































































































































































































































































ßÙÛh×ÙØ ã×7ß®Ö$ØúãÙà û~äâÖ$ßÇàﬀÚwùÖu×Ùá¢à à¢ØÚwá¢â×Ú











































































































































































































































































































































Bending instabilities at the origin of persistent warps:
A new constraint on dark matter halos
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Abstract. A substantial fraction of the warps in spiral galaxies may result from bending instabilities if the disks are essentially
self-gravitating. With N-body simulations, we show that galaxies with self-gravitating disks as thick as HI disks are subject to
bending instabilities generating S-shaped, U-shaped or asymmetric warps. S-shaped warps persist during several rotations and
keep the line of node straight. The warp amplitudes generated by bending instabilities remain however modest. Other factors
must be invoked for extreme warped disks. However, bending instabilities can account for most of the cases reported in optical
surveys, where the warp angle is generally less than 5◦. This mode of warping is very sensitive to the disk flattening. It also
constrains the fraction of dark matter distributed in the disk and in the dark halo.
Key words. galaxies: kinematics and dynamics – methods: N-body simulations – cosmology: dark matter
1. Introduction
Since the first observation of the Milky Way warp at the end
of the fifties (Kerr et al. 1956; Burke 1957), half a century
has passed without a clear explanation of this feature (see
Binney 1992, for a review). The warp problematic comes es-
sentially from its high frequency in spirals. In the local group,
including the Milky Way, the three dominant spirals are warped
(Roberts 1966; Rogstad et al. 1976; Newton & Emerson 1977)
and among nearby galaxies they are common (Sancisi 1976;
Bosma 1981). Statistics of warps in HI (Bosma 1991; Richter
& Sancisi 1994; Garcìa-Ruiz et al. 1998) and in the opti-
cal band (Reshetnikov 1998; Reshetnikov & Combes 1999;
Sánchez-Saavedra et al. 1990, 2003) reveal that more than
half the spiral galaxies are warped and asymmetric. This im-
plies that warps are either frequently or continuously gener-
ated, or persistent over several dynamical times. Disks are
easily warped when subject to an external torque, generated
for example by gravitational forces during interactions (Quinn
1991; Hernquist 1991; Huang & Carlberg 1997) or accre-
tion events (Jiang & Binney 1999; Revaz & Pfenniger 2001b;
López-Corredoira et al. 2002), or by magnetic forces in the gas
(Battaner et al. 1990). The challenge is to understand how iso-
lated galaxies (in appearance) can conserve their warp with a
relatively straight line of nodes (LON), avoiding the winding
problem early noticed by Kahn & Woltjer (1959). Solutions
like normal modes of vibration (bending waves) have been pro-
posed (Lynden-Bell 1965) . Unfortunately Hunter & Toomre
(1969) showed that no discrete modes exist in disks with soft
edges. If, in the presence of a dark halo, discrete modes can
exist (Sparke 1984; Sparke & Casertano 1988) they will be
quickly damped by dynamical friction (Nelson & Tremaine
1995; Dubinski & Kuijken 1995).
However, as pointed out by Sellwood (1996), previous stud-
ies have treated the case of a cold razor-thin disk. When tak-
ing into account the velocity dispersions necessary to keep the
disks stable against axisymmetric instability, disks may be sub-
ject to a bending instability (also named fire-hose instability).
Bending instabilities were first studied by Toomre (1966) in
an infinite slab of finite thickness. The instability occurs when
the centrifugal force of particles following a bend in the slab is
higher than the gravitational restoring force of the slab itself. A
formal description of the instability can be found in Fridman &
Polyachenko (1984, p. 37). Araki (1985) showed that an infi-
nite slab is stable when the ratio of the vertical velocity disper-
sionσz to the velocity dispersion in the planeσu exceeds 0.293.
Sellwood & Merritt (1994) and Merritt & Sellwood (1994)
have studied this instability in realistic disks of counter-rotating
stellar components. They found discrete bending modes m = 0
and m = 1 that could persist in disks even without counter-
rotation. Sellwood (1996) studied the growth of such modes in
axisymmetric cases and found that they are strongly Landau
damped (Fridman & Polyachenko 1984). He also mentioned
that some warm disks support long-lived axisymmetric flap-
ping oscillations.
Since the end of the sixties, most of the works on the warp
problem have been built on the assumption of a disk embedded
in a massive non-rotating dark halo. However, there are now
many observations that let us think that a substantial fraction
of dark matter may be present in outer galactic disks, in the
form of rotationally supported cold and clumpy gas (Pfenniger
et al. 1994; Pfenniger & Combes 1994).
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The presence of a weak but existing star formation rate
far from the center of galaxies has been reported by differ-
ent authors (Naeslund & Joersaeter 1997; Smith et al. 2000;
Cuillandre et al. 2001). This star formation rate reveals that
molecular gas must be present in abundance in the outer disk of
galaxies. Moreover, it has been pointed out long ago by Bosma
(1978, 1981) that in samples of galaxies, the ratio between the
dark matter and HI surface density is roughly constant well be-
yond the optical disk (see also Carignan et al. 1990; Broeils
1992; Hoekstra et al. 2001). These observations suggest that
the dark matter follows the HI distribution along the disk. More
recently, the study of the spiral pattern of NGC 2915 has sug-
gested that the very extended HI disk in this galaxy is supported
by a quasi self-gravitating disk (Bureau et al. 1999; Masset &
Bureau 2003).
In the context of the warps, massive disks are interesting
because the kinetic pressure support is then lower than the ro-
tational support and such disks are in a regime where the Araki
criterion (Araki 1985) is relevant, thus bending instabilities are
expected.
In the first part, we examine the evolution of bending insta-
bilities in different self-consistent galactic models, where the
mass is dominated by a heavy disk. The models differ essen-
tially in the thickness of the heavy disk. We show that between
the very unstable thin disks and the stable thick disks, a regime
exists where bending instabilities spontaneously generate per-
sistent warps. In the second part, a semi-analytic analysis al-
lows us to fix constrains on the validity of the previous results,
when a dark halo is also taken into account. The values of the
mass and flattening of the dark halo compatible with bending
instabilities is determined.
2. The galaxy model
Our galactic mass model is composed of a bulge, an exponen-
tial stellar disk and a heavy disk made of HI gas and dark matter
proportional to it.











where a = 1 kpc and b = 0.25 kpc.
2. The exponential stellar disk takes the usual form:
ρd(R, z) ∝ e−R/HR e−|z|/Hz , (2)
where the radial and vertical scale length are respectively
HR = 2.5 and Hz = 0.25 kpc.
3. To comply with the HI observations and slowly varying ro-











For R > Rhd = 7 kpc, the heavy disk surface density de-
creases as R−1. It is smoothly truncated by the arccosine
function at Rmaxhd = 35 kpc in order to keep an approximately
constant rotation curve up to the disk edge. In agreement
Fig. 1. Contribution of each component to the total rotation curve. The
upper panel shows a classical representation of the rotation curve. In
the bottom panel, the square of the circular velocity is plotted as a
function of log R. The latter representation enhances the effective con-
tribution of each component to the total rotation curve (Kalnajs 1999).
with observations showing that dark matter is not dominant
at the center of galaxies (Weiner et al. 2001; Bissantz et al.
2003), the heavy disk surface density drops to zero at the
center if Rhd > 0. To be consistent with the observed flaring
of HI in the Milky Way (Burton 1992), the vertical scale
height hz(R) is radius dependent and is written as:
hz(R) = hz0 eR/Rf , (4)
where hz0 is the vertical scale height at the center and Rf the
flaring radial scale-length.
The respective masses of the three components are Mb =
0.15 × 1011 M for the bulge, Md = 0.46 × 1011 M for the ex-
ponential stellar disk, and Mhd = 1.61 × 1011 M for the heavy
disk. With these values the rotation curve is approximately flat
up to R = 35 kpc. Figure 1 shows the contribution of each com-
ponent to the total rotation curve. The lack of HI or dark matter
at the center of the galaxy implies a negative circular velocity
squared contribution by the heavy disk component (see the bot-
tom panel of Fig. 1). In the upper panel, where the norm of the
circular velocity is traced as a function of radius, it produces a
bump around 3 kpc.
The initial vertical velocity dispersion σz is found by
satisfying the equilibrium solution of the stellar hydrody-
namic equation in cylindrical coordinates (see e.g., Binney &
Tremaine 1987, p. 199) separately for each of the bulge, stellar






dz ρi ∂zΦ, (5)
where the index i can label any component. These cal-
culations are carried out on the polar coordinate poten-
tial solver of the Particle-Mesh N-body code described in
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Pfenniger & Friedli (1993). The ratio between the tangential
velocity dispersion σφ and the radial one σR is derived from














where κ is the radial epicyclic frequency, and Ω the rota-
tion frequency, determined from the potential R-derivatives as
indicated in Eq. (6). Since in this approximation the radial os-
cillations are decoupled from the vertical oscillations, the ra-
tio σz/σR, which is precisely the Araki criterion, is not con-
strained. This allows us to choose the radial velocity dispersion.
















where ν is the vertical epicycle frequency, determined from the
potential z-derivatives as indicated in Eq. (7). The factor β is
constant of order 1 and chosen to fix the Savronov-Toomre
radial stability parameter Q = κ σR/3.36 G Σ, where Σ =
2
∫ ∞
0 dz ρ(R, z) is the total surface density.
The found velocity dispersions are then used to distribute
the model particles in velocity space and to find the rotation
velocity for each component with the Jeans equations.
3. The simulations
3.1. Parameters
In order to explore the existence and evolution of bending in-
stabilities, we have run a set of 9 models that differ in the thick-
ness of the heavy disk, parameterized by Rf and hz0. Values are
chosen such that the minimal ratio σz/σR in the disk ranges in
an interval around Araki’s limit1. At equilibrium, σ2z is propor-
tional to the thickness of the disk. From Eq. (7), the ratioσz/σR
strongly depends on the second z-derivative of the potential.
Thus, increasing the thickness of the disk increases the ra-
tio σz/σR. Moreover, since σz and σR are linked by Eq. (7)
and since κ and the surface density Σ are almost independent
of the vertical thickness, thinner disks are also more unstable
with respect to the radial stability parameter Q. In Fig. 2, for
each model, Q and σz/σR are traced as functions of the radius.
With the parameter β fixed to 0.77, all models are slightly sub-
critical with respect to the generation of spiral density waves.
Figure 3 shows the distribution of the models in the
plane σz–σz/σR, at the radius R where σz/σR is minimal. Thin
disks are found at lower left end while thick disks are found
at the upper right end. The dotted line corresponds to Araki’s
limit. Parameters for each model, as well as (σz/σR)min and the
flattening ζ of the potential are summarized in Table 1. The po-
tential flattening is defined as the ratio of minor over major axis
of the iso-potentials.
1 Araki’s criterion has been derived in the case of an infinite slab.
However, it remains locally a good first order approximation when the
rotation support exceeds the radial pressure support (Sellwood 1996).
Fig. 2. The radial stability parameter Q (top) and the ratio σz/σR
(bottom) as a function of the galactic radius. In both graphics, the
curves correspond, from bottom to top, in the interval 10–20, to the
models of increasing thickness, 01, 02, 07, 03, 08, 04, 09, 05, 06,
respectively.



















Fig. 3. Ratio σz/σR as a function of the vertical dispersion σz at R =
15 kpc. The values are taken at the radius where σz/σR is minimum.
The dotted line corresponds to Araki’s limit.
Table 1. Parameters Rf and hz0 for the different models. The respective
flattening ζ of the total potential is also indicated.
Models 01 02 03 04 05 06
Rf 40 40 40 40 40 40
hz0 0.05 0.15 0.25 0.35 0.45 0.55
(σz/σR)min 0.186 0.218 0.248 0.272 0.295 0.314
ζ 0.645 0.648 0.651 0.654 0.658 0.661
Models 07 08 09
Rf 30 30 30
hz0 0.15 0.25 0.35
(σz/σR)min 0.226 0.258 0.286
ζ 0.648 0.652 0.656
The models are evolved with the Barnes-Hut treecode par-
allelized to run on GRAVITOR, the 132-processor Beowulf
cluster of the Geneva Observatory. To trust thin disk transverse
instabilities it is important to not use an anisotropic Poisson
ï	!
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01 : t=1500 a)
08 : t=6000 c)
02 : t=2000 b)
04 : t=3500 d)
Fig. 4. Edge-on projections of the models 01, 02, 08, and 04. Times are indicated at the upper left. The box dimensions are 100 × 25 kpc2.
solver such as a polar grid mesh, therefore, despite being much
more CPU time consuming, a treecode approach is preferred.
Each simulation contains 218 = 262 144 particles of equal
mass. The softening length is 0.15 kpc, and the time-step is
0.5 Myr. If not indicated, the length unit is the kpc, and the
time unit is the Myr.
3.2. Results
As expected, the evolution of the models depends strongly on
the thickness of the heavy disk. In Fig. 3, from left to right,
models can be divided in four groups:
1) Model 01 has a ratio σz/σR of 0.18. It is very unstable. The
bending instability occurs quickly and generates a transient
asymmetric warp that extends up to z = 4 kpc at R = 35 kpc
(see Fig. 4a). The warp is associated with a spiral arm and
its lifetime is about 1.5 Gyr. The ratio σz/σR is increased
by the instability above Araki’s limit, at about 0.4. After
t = 3000,σz/σR is higher than 0.3 and the disk remains ver-
tically stable. Face-on and edge-on projections of the model
are displayed in Fig. 5.
2) Models 02, 07 and 03 have still a ratio σz/σR well below
the Araki limit. The bending instability occurs during the
first 2 Gyr. An axisymmetric bowl mode (m = 0) grows
during about 1 Gyr, before that σz increases and stabilizes
the disk. Figure 4b shows a spectacular U-shape warp of
model 02 at t = 2000. During the instability, a large bulge
forms, prolonged by a bar. The galaxies look like SBa types
(see Fig. 5, t > 2200 Myr). In model 07, the mode is slightly
less symmetric, due to the lopsidedness of the galaxy. A
short-lived m = 1 mode is present at the end of the instabil-
ity, during the bar formation.
3) The four models 08, 04, 09 and 05 develop S-shaped warped
modes (m = 1). Except for model 05 which has a ratio
σz/σR = 0.3 just above Araki’s limit, all are unstable with
respect to bending. In the case of model 08, the warp is
long-lived and lasts more than 5.5 Gyr, corresponding to
about 5 rotation times at R = 30 kpc (see Fig. 6). In order
to follow the evolution of the warped disk, we have divided
it in a set of 18 concentric rings from R = 0 to 35 kpc.
The inclination of each ring (warp angle) is determined
by the direction of the major axis of the inertia tensor of
the matter contained in the range [R − ∆R,R + ∆R], where
∆R = 1 kpc is the half width of the ring. The evolution
of the warp is displayed in Fig. 7 in form of Tip-LON dia-
grams (Briggs 1990). The diagrams represent the precession
and nutation angle of each ring relative to the inner galactic
disk. The outer dotted circle corresponds to an inclination
of 3◦. At t = 500, the disk is flat. The warp grows from
t = 1000 to t = 3000 where it culminates (z = 2 kpc at
R = 35 kpc). During the following 4 Gyr, the amplitude
of the warp slowly decreases. At t = 6000 it is still clearly
observable (see Fig. 4c). Despite the differential rotation of
the disk, the line of nodes (LON) remains quasi straight.
However, in the outer parts, it is slightly trailing, contradict-
ing Briggs’ third rule (Briggs 1990)2. The rotation period of
the LON is about 1.1 Gyr, which corresponds to the circu-
lar rotation period at the edge of the disk (R = 35 kpc). At
about t = 6500 Myr, the warp disappears and gives place
to a large bar. The instability increases the vertical velocity
dispersions by a factor 2 at the maximum, around 10 kpc. At
larger radius, the factor is 1.5 or less. Velocities in the plane
are unaffected. At the top of Fig. 8, we compare the warp
angle of the four models at the time where the warp is max-
imum. The warp amplitude of model 04 is the highest. At
t = 3500 it reaches more than 2 kpc above the plane defined
by the central regions (see Fig. 4d). However, its lifetime is
slightly shorter than model 02 and the warp disappears after
3.5 Gyr at t = 5000 (see the bottom of Fig. 8). The slightly
thicker model 09 and 05 also develop warps with similar
amplitudes but their lifetimes are shorter than 2.5 Gyr. In
all four models, the warp shape is characterized by an inner
flat region that extends between 5 to 10 kpc (Fig. 8, top).
4) Model 06 has a ratio σz/σR well above 0.3. In this model,
no vertical instability occurs and the disk remains flat all
along the simulation.
4. The influence of a dark halo
The previous simulations have been run in the absence of a
dark halo, which has the advantage of allowing us to identify
the warp origin uniquely to the self-gravity of the disk when
Araki’s instability criterion is met. We want now to check up to
which point the disk self-gravity leads to bending instabilities
when the disk is embedded in a conventional hot halo.
Since the bending instability is closely related to Araki’s
criterion, we determine how the threshold is modified by
2 The galactic rotation is counterclockwise.
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Fig. 5. Evolution of model 01 and 02 between t = 200 and t = 4000, noted in the upper left corner. Columns 1 to 4 show the face-on and two
edge-on (perpendicular) projections of model 01, Cols. 5 to 8 correspond to model 02. The boxes dimensions are 50 × 50 kpc2.
different flattenings and mass of a hot dark halo. We suppose
a hot halo because these are less subject to their own instabil-
ities. Thus, a rigid potential is a convenient approximation of
the halo role, provided the velocity dispersions σz, σR in the
disk are calculated consistently for the new local potential.
	ï
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Fig. 6. Evolution of model 08 and 04 between t = 300 and t = 6000. Columns 1 to 4 show the face-on and two edge-on (perpendicular)
projections of model 08, Cols. 5 to 8 correspond to model 04. The boxes dimensions are 50 × 50 kpc2.
4.1. Models with dark halos
The models with dark halos are based on the six first models
with Rf = 40 kpc. We simply add a quasi homogeneous thick
mass distribution in the disk region, however bounded in ex-
tension more abruptly than isothermal halos because we want
to transfered mass from the heavy disk to the halo region of
similar extent. Therefore we just adopt an inflated Plummer
		

























Fig. 7. Evolution of the warp in model 08 from t = 1250 to t =
7000 Myr. The diagrams show the polar angles of the rings (tip-LON
plots). The three dotted circles mark θ = 1, 2, 3◦.
potential, the Miyamoto-Nagai potential (Miyamoto & Nagai









where c is the vertical scale-height. Here the constants
in the potential are expressed differently from the original
Miyamoto-Nagai potential in order to better express the hor-
izontal scale length with H. The halo flattening is parametrized
by ζh = c/H. For R < H, ζh is a very good approximation of
the ratio of minor over major axis of the mass iso-densities.
The mass fraction of dark matter that lies in the disk is
parametrized by the factor f . We can thus write:
Mhd = f Mdark, Mh = (1 − f ) Mdark (9)
where Mdark = Mhd + Mh. The total mass is then:
Mtot = Mb + Md + f Mdark + (1 − f ) Mdark. (10)
4.2. Stability criterion
In the previous section, we have shown that the Araki limit is
a good stability criterion against bending oscillations if it is
applied to the minimum ratio σz/σR along the galactic radius.
Fig. 8. Top: warp angle θ, as a function of radius, for the models 08
(t = 3100), 04 (t = 3500), 09 (t = 2700), and 05 (t = 2800). Bottom:
time evolution of the mean warp angle computed between R = 25 and
R = 35 kpc.
Since κ2 and ν2 are linear with respect to the mass, we can








f κ2hd + (1 − f ) κ2h
]




f ν2hd + (1 − f ) ν2h
] , (11)
where the νi and κi for each components are computed for a
unit mass component. For the bulge, the exponential disk and
the heavy disk, those values are obtained numerically with the
Particle-Mesh potential solver. For the halo, these frequencies
are calculated analytically.
For each of the 6 models, the influence of the dark matter
fraction distributed in the disk or in the halo as well as the halo
flattening is explored by varying the parameters f and ζh in the
range 0 to 1. The results are plotted in Fig. 9. The Araki limit
of 0.293 is traced with the solid bold line. The models that may
be subject to bending instabilities (σR
σz
< 0.293) are located at
the bottom right of this line. On the contrary, stable models
(σR
σz
> 0.293) are located at the upper left.
In the absence of the halo ( f = 1), results corresponds to the
previous section. Models 01 to 04 are unstable and model 06 is
stable. Model 05 is slightly above the Araki limit. However, as
already mentioned, it develops a weak instability.
When the heavy disk is replaced by a spherical halo of
equal mass ( f = 0), the potential is smoothed around the
z = 0 plane and the vertical epicycle frequency ν decreases.
As κ is weakly modified, the ratio σR
σz
increases. Figure 9 shows
that the model is stable as long as ζh is greater than 0.06. If
ζh < 0.06, the halo plays the role of the disk, and allows the
bending instability to develop. It is relevant to note that be-
tween ζh = 0.5 and 1, the halo flattening has little effect on
the stability. If we consider dark halos with ζh ≥ 0.5, which
corresponds to more realistic halos according to cosmologi-
cal simulations (Dubinski & Carlberg 1991) and weak lensing
studies (Hoekstra et al. 2004), the maximal halo mass in the
	¶
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(a) Model 01, hz0 = 0.05














(b) Model 02, hz0 = 0.15














(c) Model 03, hz0 = 0.25














(d) Model 04, hz0 = 0.35














(e) Model 05, hz0 = 0.45














(f) Model 06, hz0 = 0.55
Fig. 9. Stability of the models with dark halos against the bending oscillations. The value of the minimum of σR
σz
along the radius, is plotted as a
function of the fraction of dark matter in the heavy disk f and of the halo flattening ζh. The solid line corresponds to the critical value of 0.293.
The upper dashed line corresponds to the values of 0.4 while bottom dashed line corresponds to 0.2. Shaded regions correspond to unstable
models.
flatter disk case (hz0 = 0.05) must not be heavier than 0.8 Mdark
(=0.58 Mtot). For thicker disks, only a halo with a mass compa-
rable to the heavy disk or less (Mh ≤ 0.36 Mtot) allows bending
instabilities to develop.
Some of our galaxy models can be used as first order repre-
sentations of the Milky Way. If we assume that the Milky Way
warp results from a bending instability and that the disk is
most probably critical with respect to Araki’s criterion, the
solid lines in Fig. 9 allow us to fix an approximate constraint
on the halo to disk mass ratio. With a vertical scale-height of
about 320 pc at the solar radius (R = 8.5 kpc), model 03 has a
similar thickness to the Milky Way HI (Burton 1992). For any
dark halo axis ratio larger than 0.3, the marginal stability of
the disk implies a dark halo to heavy disk mass ratio around 1
(Fig. 9c). With this ratio, the surface density (|z| < 700 pc) of
each component in units of M/pc2 are: Σb = 0.4, Σd = 36.7,
	$
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Σhd = 48.0, Σh = 3.7, for a total surface density of Σtot =
88.8. The corresponding rotation velocity at the solar radius is
205 km s−1.
5. Discussion
In this work, the vertical stability of a galaxy model where a
substantial fraction of the gravitational matter is contained in
the disk has been explored, leading to several aspects discussed
below.
5.1. Bending instability vs. disk thickness
The strength of the investigated scenario is to require only in-
trinsic gravitational dynamics, therefore the reported effects
are immediately produced whenever the stability threshold is
reached, independently of spurious external torques produced
by strong accretion events, galaxy interactions, a misaligned
dark halo, or magnetic fields. In all the examined cases a suf-
ficiently thin and massive disk produces a bending instability
leading to a warp.
Our results were already expected by Merritt & Sellwood
(1994) and Sellwood & Merritt (1994) in studies of
counter-rotating disks, that m = 0 and m = 1 bending modes
survive in disks without counter-rotation. Extremely thin disks
with hz0 < 150 pc (potential flattening ζ < 0.648) are strongly
unstable and generate asymmetric transient warps, while thick
disks with hz0 ≥ 550 pc (ζ ≥ 0.661, σz/σR ≥ 0.3) are com-
pletely stable. In between, m = 0 (U-shaped warp) and m = 1
(S-shaped warp) modes are excited. m = 0 modes grow for
about 1 Gyr and disappear when the ratio σz/σR exceeds 0.3.
S-shaped warps appear for thicker disks (hz0 = 250−450 pc,
ζ = 0.652−0.658). They are characterized by a flat central disk
and persistent straight LON, slightly trailing at large radius.
The LON rotates at the circular velocity period of the disk edge.
The most interesting result is that in model 08, the warp is per-
sistent during 5.5 Gyr, a substantial fraction of the galaxy life.
It is not clear if this persistent mode may be akin to the flapping
mode reported by Sellwood (1996) in axisymmetric disks.
In our simulations, the two extreme disks (models 01
and 06) differ in their density thickness by a factor of 11. This
translates to a potential flattening variation of only 2.5%. It is
striking that observed galaxies have typical HI disk thickness in
the range where bending instabilities can be triggered, because
this transverse critical state would be similar to the disk radial
state, which is also critical with respect to spiral arm formation.
Indeed, in more realistic models taking into account the dis-
sipational behavior of the gas, energy dissipation reduces the
gas velocity dispersion, and gaseous disks can be expected to
reach a regime marginally unstable with respect to bending in-
stabilities. This is similar to the bar and spiral instabilities in
the plane which heat radially a weakly dissipative disk to a
marginal stability Q ∼ 1−2 state. Thus, we must expect that
in more realistic models including gas dissipation, bending in-
stabilities will be repeatedly excited.
Thus, a unifying picture of galactic disks emerges as dis-
sipative systems maintained for a long time in a marginal
stability state, where the effects of energy dissipation are
counter-balanced by dynamical instabilities in both the radial
and vertical directions. Obviously star formation must also play
an important role in compensating energy dissipation.
5.2. Comparison with observed warps
This idea of connecting gas dissipation to warps is supported by
observations. Warps are more frequent among late type galax-
ies (Bosma 1991) and they are completely absent among lentic-
ulars characterized by gas deficiency (Sánchez-Saavedra et al.
2003).
It is also noteworthy that the present scenario predicts a pre-
dominant occurrence of S-shaped warps, because in a slowly
flattening disk due to energy dissipation, after the Araki insta-
bility threshold is crossed the S-shaped warps occur before the
U-shaped ones.
As seen previously, only warps with modest amplitude
are spontaneously generated, with warp angle less than 5◦.
Extreme cases, like for example NGC 4013 (Bottema et al.
1987), which has a 25◦ warp angle, seem to require stronger
causes than an internal instability, such as tidal interactions.
However, as the warp angle distribution in optical surveys
peaks at 3◦ (Reshetnikov 1998), this scenario may contribute
to a large fraction of the S-shaped, the U-shaped, as well as the
asymmetric warps observed in the optical.
5.3. Relationship between warps and dark halos
The semi-analytic analysis in Sect. 4 confirms our expectation
that bending instabilities can occur as long as the self-gravity
of the disk is locally dominant. If we accept that most galactic
disks are thin and warped by bending instabilities, we obtain
an additional constraint on the mass fraction and thickness of a
dark spheroidal halo. For extreme thin disks, such as model 02,
the halo mass fraction with respect to the total mass (using
Fig. 9 and Eq. (10)) cannot exceed 0.47, for any halo flattening
larger than ∼0.3. For more typical disk thicknesses, such as in
model 03, the maximum halo mass fraction drops to 0.33, for
any halo flattening larger than ∼0.3. The only way to obtain
“classical” halos with a mass fraction of 0.9 is to decrease the
halo flattening well below 0.1.
It is interesting to note that if now we assume that the warps
are produced by an almost marginal instability state, the above
halo mass fraction limits become equalities for any flattening
above ∼0.3. Therefore the warps provide a sharp constraint on
the halo relative mass, but a weak one on the halo flattening
when the latter is above ∼0.3.
These results corroborate the recent independent study of
Tyurina et al. (2004) where the halo mass of observed edge-on
galaxies is estimated from the thickening of the disk due to the
bending instabilities.
6. Conclusion
The most important result of this study is that long-lived galac-
tic warps of observed amplitudes can be produced by internal
bending instabilities, and that the dark matter to the total mass
fraction within the warp radius and included in an extended
	?"
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hot halo of similar extent is limited to about a factor of 2 if
warps result from a marginal bending instability. Recent studies
linking the spiral arms and kinematic properties of disk galax-
ies and the Milky-Way converge towards similar low values
for dark halo masses within the HI disk range (Fuchs 2003;
Kalberla 2003; Masset & Bureau 2003).
Further simulations combining a heavy disk and a live dark
halo including dissipative gas or star formation feedback will
allow us to specify in more detail these first order dynamical
effects.
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The Baryonic Tully-Fisher relation revisited
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Abstract. The Baryonic Tully-Fisher relation (BTF) can be substantially improved when considering that the galactic baryonic
mass is likely to consist not only of the detected baryons, stars and gas, but also of a dark baryonic component proportional to
the HI gas. The BTF relation is optimally improved when the HI mass is multiplied by a factor of about 3, but larger factors
up to 11−16 still improve the fit over the original one using only the detected baryons. The strength of this improved relation
is quantified with up-to-date statistical tests such as the Akaike Information Criterion or the Bayesian Information Criterion. In
particular they allow us to show that supposing a variable M?/L ratio instead is much less significant. This result reinforces the
suggestion made in several recent works that mass within galactic disks must be a multiple of the HI mass, and that galactic
disks are substantially, but not necessarily fully, self-gravitating.
Key words. Galaxy: kinematics and dynamics – Galaxy: structure
1. Introduction
McGaugh et al. (2001) (hereafter MSBD) have extended the
Tully-Fisher relation (Tully & Fisher 1977) (TF) over 5 dex in
stellar mass and 1 dex in velocity by correlating not the lumi-
nosity with the rotation velocity, but the detected baryon mass
with the rotation velocity. This is an important step toward un-
derstanding the TF relation, because the physical causality link
between mass and rotational velocity, gravitational dynamics,
is much more direct than between stellar light production and
rotational velocity. The traditional TF relation requires us to
understand how the nuclear energy production inside stars may
well be tightly correlated with the global rotation speed of the
galaxy, while the baryonic TF (BTF) just requires finding the
link between the baryonic mass and kinematics.
The baryons considered by MSBD include the stars, the
total mass of which is inferred from a plausible stellar mass
to light ratio, and neutral hydrogen HI from 21 cm measure-
ments, including a cosmic helium fraction. Doing so, MSBD
show with a sample of 243 galaxies that a scatter plot of
velocity-mass looks straighter when summing the HI mass to
the stellar mass. The argument advanced by MSBD is that a
better relation exists between these baryons and rotational ve-
locity than between light and rotational velocity because the
low surface brightness galaxies in the sample have a very low
stellar mass content. This makes sense because in the limit of
a pure gaseous protogalactic disk no stars shine, yet the disk
does rotate.
Several reasons motivated us to reexamine this work. By
naming the improved relation “baryonic” MSBD implies that
the baryons are well represented by the detected stars and
HI, while in many spirals often as much gas as the detected
HI but in the form of H2 can be inferred from CO observa-
tions with the conventional proportionality X factor between
the CO emission and the H2 mass (Combes 2004). This point
is however not necessarily crucial because the CO emission
is often roughly located in the optical disk, so the CO related
H2 mass may be well absorbed, to a first approximation, in the
mass to light ratio of the stellar mass. But for years now the uni-
versality of the X factor has been challenged. Recent rediscus-
sions of this factor (e.g., Boulanger 2004) favor an increased X
in low metallicity, low excitation or cold conditions, typical of
outer galactic HI disks, by at least one order of magnitude.
Long ago Bosma (1981a) pointed out that the dynamical
mass in spirals is known to be well correlated to a multiple
of the detected HI (see also Hoekstra et al. 2001). So a nat-
ural hypothesis reinforced by a series of arguments presented
in Pfenniger et al. (1994), and Pfenniger & Combes (1994)
as well as variants discussed by other authors (Henriksen &
Widrow 1995; de Paolis et al. 1995; Gerhard & Silk 1996) is
to assume that a sufficiently cold form of H2 can well make
up a sizable fraction of the unseen baryonic mass in the disk.
Moreover, several new theoretical and observational arguments
indicate that galactic disks may be more massive than usually
thought. Kalberla (2003) found that the mass distribution and
the dynamics of the Milky Way is dominated by a dark mat-
ter disk. Massive disks are also needed to explain spiral struc-
tures in low surface brightness galaxies (Fuchs 2003; Mayer &
Wadsley 2004), as well as in extended HI disks like in the blue
compact dwarf galaxy NGC 2915 (Masset & Bureau 2003). In
the context of warped galaxies, Revaz & Pfenniger (2004) have
recently shown that the high number of warped spirals results
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naturally from bending instabilities, if the disk contributes to at
least 60% of the total galactic mass, within 30 kpc.
The true number of baryons contained in spiral galaxies can
still be a multiple of the detected ones. Presently the hypothe-
sis that MACHOS can represent an important part of the unseen
baryonic mass in an extended halo seems to be disproved by the
micro-lensing experiments towards the Magellanic clouds and
the Galactic center (Alcock et al. 2001; Afonso et al. 2003),
but a dark baryonic component closer to the outer disk, i.e.,
more closely related to the HI distribution, has not been inves-
tigated to a similar extent yet.
If some sizable fraction of the mass correlates well with
velocity, and the detected baryons within the radius of mea-
sured velocities do represent a non-negligible amount of the
total mass within this radius, it seems reasonable to check
whether the full dynamical mass could not improve the cor-
relation. Indeed, gravitational dynamics is little dependent on
the nature of matter over a few dynamical time-scales.
In order to investigate better the underlying apparent corre-
lation, the analysis of the MSBD sample can easily be extended
by up-to-date statistical tools. Below, we use statistical tools,
mainly the Akaike Information Criterion (Akaike 1974), and
the Bayesian Information Criterion (Schwarz 1978) that are not
well known in astronomy, but have been often used in many
other scientific fields over the last two decades. They provide
interesting decision criterions for discriminating quantitatively
between models using a different number of fitting parameters
for the same data set. The curious reader will find in Liddle
(2004) a short introduction for astronomers to these methods,
and an application to the cosmological parameters.
The purpose of the following sections is therefore to extend
the discussion about the BTF with more advanced statistical
techniques than the ones currently popular in astronomy.
2. Sample
MSBD kindly provided us the sample that they used in their
work, and to make a reasonable comparison we use here ex-
actly the same sample, including the same assumptions about
the mass-to-light ratios of the stellar and HI components1. The
sample consists of 243 approximately face-on spirals with peak
rotational velocities in the range 33 to 323 km s−1, almost a dex.
For a more detailed description of the sample we refer the
reader to the MSBD paper.
3. Optimized HI scaling
3.1. Full sample
The first question is how scaling HI with a constant factor c dif-
ferent from 1 changes the fit rms. Using a linear least-squares
fit, for c in the range [0−15], we calculate the corresponding co-
efficients a and b in the least-squares relation linking the stellar
1 In the following, and as commonly assumed in HI related works,
by HI mass one means the 21 cm optically thin measured HI mass
augmented by the cosmic He abundance.
Fig. 1. Rms of the linear least-squares fit as a function of the parame-
ter c (see Eq. (1)). The dotted line indicates MSBD’s rms value (c = 1).
mass M? inferred from the light and a constant M?/L ratio, the
HI mass MHI, and the rotational velocity Vc:
log(M? + cMHI) ≈ a + b log Vc, (1)
as well as the rms of the respective fits as a function of c, which
are plotted in Fig. 1. Clearly, passing from c = 0 (rms = 0.521)
in the usual TF relation to c = 1 (rms = 0.329) in the BTF rela-
tion decreases the fit rms by a factor of 1.6, which is the main
new point in MSBD’s paper. Yet the curve rms(c) continues to
decrease for c > 1 down to a shallow minimum at c = 2.98
(rms = 0.3164). Beyond this optimal c, the rms grows slowly,
such that up to c = 11.5 the rms fit is still better than for c = 1.
Figure 2 shows the least-squares fit of the extended BTF (here-
after EBTF) relation at the optimal value copt = 2.98, where the
linear fit parameters are a = 3.11 and b = 3.36.
3.2. Comparing models
With an additional parameter, we naturally expect that the rms
of the EBTF model (Eq. (1)) decreases with respect to the sim-
pler BTF model (null hypothesis), where c remains fixed to 1.
Thus, even if the rms is lower, it does not mean that the data
are better fitted by the EBTF model.
To test this, we have used three different statistical tools.
The first tool is classical, while the two more recent ones are
less well known in astronomy, but have become popular else-
where. The methods work under the assumption that the error
distribution is Gaussian. A study of the rms distribution shows
that the data points do verify reasonably well this assumption.
3.2.1. Extra sum-of-squares F -test
This standard test consists of comparing the difference between
the χ2 sums of two models, say model 1 and model 2, where
$	
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Fig. 2. Least-squares fit of the Baryonic Tully-Fisher relation using
Eq. (1) with a = 3.11, b = 3.36 and c = 2.98.
model 1 is a simpler case of model 22. Because model 1 has
a lower number of parameters, we usually expect that χ21 is
greater than χ22 with a difference corresponding to the differ-
ence r of parameters between the two models. Thus, the ra-
tio (χ21 − χ22) /r provides an estimate of the goodness of one
model compared to the other. An F-value is defined by divid-
ing the previous ratio by the normalised fraction χ22/(N − k2),
where N − k2 is the degrees of freedom of model 2 with k2, its








Since F is a ratio of two χ2 distributions, it follows an
F-distribution. We can then compute the probability P to find
a value greater than F for such a distribution. If this probabil-
ity is weak (typically less than 5%), we can conclude that the
F-value obtained has a weak probability to result from the er-
ror fluctuations and that the data is significantly better fitted by
model 2.
Assuming that the intrinsic errors σi are constant for each






y j − fi(x j)
)
2, (3)
where the y j correspond to the left hand side of Eq. (1) and
the fi(x j) to the right hand one. A rigorous description of this
classical test can be found, e.g., in Lupton (1995, p. 98–101).
Comparing the EBTF model with the simpler BTF model,
with N = 243, k1 = 2 and r = 1, we obtain F = 19.9, to which
the associated probability P is lower than 0.01%, which is the
probability for the BTF model to be better than the EBTF one.
2 By simpler case, we mean that model 1 is identical to model 2,
with a number r of parameters fixed. The two models are also said to
be nested. Since in MSBD’s BTF model the parameter c is fixed to 1,
this model is a simpler model than the EBTF one.
3.2.2. Akaike’s Information Criterion corrected (AICc)
The second performed test is derived form the Information
theory, namely the Akaike’s Information Criterion corrected
(AICc) (Sakamoto et al. 1986; Burnham & Anderson 2004).
Since the formal derivation of this test is somewhat lengthy
we refer the reader to the literature for more details (see,
e.g., Brockwell & Davis 2002; Burnham & Anderson 2004).
However, its application is as simple as the Extra sum-of-
squares F-Test, without the need to introduce additional as-
sumptions3. The AICc consists of computing for the two mod-
els the values:





+ 2 ki +
2 ki (ki + 1)
N − ki − 1
, (4)
where ki is the number of parameters of model i and S 2i is the
corresponding sum-of-squares defined by Eq. (3). In this for-
mula, the first term is the entropy term, which usually decreases
when the number of parameters ki increases. It is balanced by
the second term linear in ki. The third term is the correction
term especially relevant when N is small, so unimportant here.
As for entropy in statistical mechanics, the value ofAci depends
on the choice of data unit, therefore its value has no absolute
meaning, only the difference between two models has one: the
relative information content. The best model is simply the one
with the lowest Aci value, where the decrease of the entropy
term dominates. The difference ∆Ac = Ac2 − A
c
1 allows us to
quantify how much a model is better than another. The proba-











The comparison of the BTF model with the EBTF one gives
respectivelyAc1 = −533.79 and A
c
2 = −551.14. The so called
“information ratio” P2,1/P1,2 tells us that the EBTF model is
5854 times more likely to be correct than the BTF one.
3.2.3. Bayesian Information Criterion (BIC)
Another criterion which is often less favorable for models with
many parameters is the Bayesian Information Criterion (BIC)
(Schwarz 1978). This criterion, favoured by Liddle (2004),
weights more heavily additional model parameters than AICc
for data sets with large N. As AICc, BIC does not require us
to compare nested models. The BIC consists of computing for
two models the values:





+ ki ln N , (6)
where the parameters have the same meaning as before. As for
AICc, only the difference ofBi is important, not their particular
value.
The comparison of the BTF model with the EBTF one gives
respectively B1 = −523.41 and B2 = −537.34. Applying the
analogue of Eq. (5) for BIC yields that the EBTF model is
1054 times more likely to be correct than the BTF one.
3 On the contrary, the AICc test is less restrictive because it does
not require nested models.
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Fig. 3. Bottom: histogram of the optimal copt values obtained by fitting
Eq. (1) to successively the 243 distinct subsamples made of 242 data
points. Top: rms of each subsample fit.
3.2.4. Comparison with a quadratic fit
In order to convince ourself of the strength of the three previous
comparison methods, we have compared the BTF model with
a third model, where the data is simply fitted with a quadratic
function, therefore with the same number of free parameters
(k = 3) as our model:
log(M? + MHI) ≈ a + b log Vc + c′ log 2Vc. (7)
Comparing this quadratic model with the BTF model, the
F-test gives a probability P of only 37.9%. In this case, the
weak decrease of the rms of the more complex model is not
sufficient to justify the additional parameter c′. The AICc Aci
for the two models are respectively −533.79 and −532.51; the
BIC Bi, −523.41 and −518.70 respectively: the BTF model is
clearly a slightly better model than the quadratic fit.
Since a quadratic model does not significantly improve the
fit, we can then conclude that the improvement reached by the
EBTF model does not result merely from the additional pa-
rameters but rather from the judicious choice of the fitting law
Eq. (1), directly inspired by physical considerations.
3.3. Subsamples
In this section, we check the robustness of the result obtained
in Sect. 3 when removing points from the the MSBD data.
All the subsamples containing all but one or two points are
analysed.
For each of the N = 243 subsamples, where in each one a
single point has been successively removed, we have computed
the optimal copt value, as described in Sect. 3.1. The histogram
of those values is displayed at the bottom of Fig. 3. The values
copt lie in the interval 2.65 and 3.24 with a mean of 2.98 and a
dispersion of 0.05. Therefore the optimal copt is little sensitive
to the error produced by any single data point.
Fig. 4. Bottom: histogram of the optimal copt values obtained by fitting
Eq. (1) to each of the distinct 29 403 subsamples made of 241 data
points. Top: rms of each subsample fit.
The same exercise is repeated by successively removing
two different points for each distinct combination allowed by
243 data points. Thus, 243 × 242/2 = 29 403 searches for an
optimal value of copt have been computed. The found copt range
between 2.51 and 3.46 with a mean of 2.98 and a dispersion of
0.07.
In the rms of both histogram peaks, we observe that a par-
ticular removed point contributes to a particularly large de-
crease of the rms and an increase of copt. This point corresponds
to the isolated lower left point of Fig. 2. It is important to em-
phasize that the conclusions obtained in the previous section
are not lessened by this point. On the contrary, removing it
increases significantly the goodness of the EBTF model with
respect to the BTF one.
3.4. Independent sample
In order to check the dependence of the previous results on
MSBD’s particular sample, we have repeated the analysis of
Sect. 3.2 on another independent sample. We have chosen the
sample proposed by Sanders & McGaugh (2002) that con-
tains 76 galaxies, where the luminosities (in either B, R, K
or H bands) as well as the HI mass are provided. Among
those galaxies, we have removed 29 of them that are con-
tained in MSBD’s data. They correspond to the UMa sample
of Verheijen (2001). The average mass-to-light ratio for each
band has been chosen according to MSBD. For the R band, the
missing value has been interpolated and set to 1.2. The rms of
the data fit of Eq. (1) as a function of c is displayed in Fig. 5.
The found optimal value copt = 3.42 (rms = 0.256) is slightly
higher than for MSBD’s sample. Beyond this value, the rms
grows slowly up to c = 16.5 where it is still better than for c = 1
(rms = 0.275). The results of the extra sum-of-squares F-Test,
AICc and BIC tests are displayed in Table 1. Those tests com-
pare the BTF fit with the EBTF one and with the quadratic fit of
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Fig. 5. Rms of the linear least-squares fit as a function of the parameter
c (see Eq. (1)), for the sub-sample of Sanders & McGaugh (2002). The
dotted line indicates the rms value for c = 1.
Table 1. Statistical comparison of the BTF model with the EBTF one,
and with the quadratic model, for Sanders & McGaugh sub-sample
data.
BTF vs. EBTF BTF vs. “quadratic”
F-Test
F = 6.81 F = 2.03
P = 1.24 % P = 16 %
AICc
Ac1 = −114.72 A
c
1 = −114.72
Ac2 = −119.08 A
c
2 = −114.44
P2,1/P1,2 = 8.8 P2,1/P1,2 = 0.87
BIC
B1 = −109.72 B1 = −109.72
B2 = −112.63 B2 = −107.99
P2,1/P1,2 = 4.2 P2,1/P1,2 = 0.42
Eq. (7). While the trend is slightly less pronounced in this new
but smaller sample, the statistical tests confirm that the EBTF
model is better than the BTF one (4 to 9 times). The choice of
Eq. (1) is again supported by the fact that the quadratic model
(with the same number of parameters than the EBTF one) does
not improve the fit.
3.5. Variable M?/L
A questionable assumption included in the stellar mass deriva-
tion in MSBD’s sample is that the stellar M?/L ratio is taken
as constant, while in a sample of spirals it can typically vary by
a factor of several, more in B than in the NIR bands.
However, along the spiral sequence the rotational velocity
is known to correlate with the stellar M?/L ratio: small late
type spirals typically rotate slower and are bluer (so have a
lower stellar M?/L ratio) than massive and fast rotating late spi-
rals. As an illustration, in Broeils’ sample (1992), the M?/LB
ratio of 23 bright galaxies spanning the spiral sequence can be
reasonably represented by a linear regression:
M?
LB
= 4.00 log Vmax − 5.77 . (8)
Supposing now that instead of a constant M?/L ratio, one
would include the above more accurate statistical knowledge in
the EBTF. The former constant M?/L in MSBD data for each











where the constant 125 comes from the interval middle value
of the log of velocities (in km/s) in MSBD’s sample; d is an
additional parameter that might also improve the BTF rms.
The alternative EBTF fit now reads:
log
[(






≈ a + b log Vc , (10)
where here M? is meant not as the true stellar mass, but as
the quantity provided in MSBD’s sample as the stellar mass
estimate at constant M?/L ratio.
Repeating the analysis of Sect. 3.1, we search for the
best pair of parameters (copt, dopt) that minimizes the rms fit.
Interestingly, the best fit does indeed require a positive and
suitable d with regard to the observational data, where M?/L
is correlated with the rotational velocity. This has the effect
of slightly increasing c. However, the improvement in rms
is very modest. The best pair is copt = 3.07, dopt = 0.48,
for rms = 0.3162, instead of copt = 2.98, (dopt = 0) and
rms = 0.3164 for EBTF. The iso-values of rms (c, d) around
the minimum are strongly elongated, almost straight, parallel
to the d axis, which already means that the most relevant mini-
mizing parameter is c.
With the tests of Sect. 3.2, we can now evaluate quantita-
tively whether d is a significant additional parameter. For all
three tests the answer is clearly that d does not bring any sig-
nificant improvement: for the F-test P = 0.61, for AICc the
information ratio is only P2,1/P1,2 = 0.401, and for BIC even
lower, P2,1/P1,2 = 0.073.
The results can be summarized concisely: the principal ef-
fect of a variable M?/L is to somewhat increase copt from 2.98
to 3.07, while suggesting a fairly reasonable M?/L variation
over the spiral sequences. It especially shows that c is a much
more relevant parameter than d.
4. Discussion and conclusion
An analysis of the baryonic Tully-Fisher relation of MSBD’s
sample shows that a better correlation is obtained by multiply-
ing the total HI mass by a factor of around 3, suggesting that
a substantial amount of baryons would remain to be found in
spirals.
The optimal factor around 3 is typically lower than the scal-
ing factor fitting well the total dynamical mass, 5−15 (Hoekstra
et al. 2001). There is room for another component of a differ-
ent nature, perhaps non-baryonic and not located in the disk,
still necessary to explain the rest of the dynamical mass. This
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point is supported by the recent work of Revaz & Pfenniger
(2004) showing that the frequent observations of warps in spi-
ral galaxies is the natural result of bending instabilities, if, for
a galaxy such as the Milky Way, the disk mass within 30 kpc
represents ∼60% of the total mass, leaving ∼40% for a con-
ventional non-baryonic dark halo. However, one should keep
in mind that the range of sub-optimal c which still improve the
original BTF relation rapidly widens toward values up to about
11−16, therefore including the full dynamical mass may still
improve the BTF relation.
In a first step the M?/L ratio of the stellar component has
been supposed constant. In a second step it has been allowed to
vary according to a more realistic trend where M?/L is linear in
log Vc. The statistical tests show that a variable M?/L is com-
patible with the observations and requires somewhat more dark
baryons proportional to HI. More clearly the tests demonstrate
that a variable M?/L ratio is a secondary factor with regard to
the mass proportional to the HI factor.
The reason why the Tully-Fisher relation should be a power
law between the disk baryonic mass and the disk rotational
velocity remains unclear, because the improvement found on
the TF relation still does not explain its physical origin; it just
points toward an explanation based on the disk baryonic con-
tent instead of either only the stellar or only the detected bary-
onic content. Dimensional arguments to explain the TF rela-
tion by internal physical factors in self-regulated gravitating
disks, instead of initial conditions, were given in Pfenniger
(1991) where it was pointed out that in pure self-regulated
disks the gravitational power ∝v5rot/G that a galaxy can ex-
change with stars appears comparable to the stellar mechani-
cal power, about 1/10 of the stellar luminosity in star form-
ing disks. Remarkably, this estimate of the disk internal power
provides a fair zero point of the TF relation. The important con-
sequence is that the mechanical energy output coming mostly
from massive stars appears sufficient in magnitude to modify
secularly the global parameters of a disk galaxy. Therefore to
understand spirals, their internal physics appears more impor-
tant than the initial conditions of formation.
This point is consistent with the unified picture of disk
galaxies presented in Pfenniger & Revaz (2004) where bars,
spirals and warps result from horizontal and vertical instabil-
ities triggered by the constant energy dissipation. The basic
properties of these systems may be summarized by an interplay
of cooling and self-gravitation. In dissipative self-regulated
gravitating disks, more than the initial conditions, the internal
physics is crucial to understand their structure and evolution.
The energy dissipated by radiative cooling, on one hand, drives
galaxies towards flat disk shapes, but, on the other hand, also
drives them toward gravitational instability thresholds beyond
which horizontal and vertical gravitational instabilities are
spontaneously triggered, heating the disk both in the horizontal
and vertical directions. This purely dynamical feed-back
mechanism is supplemented by the heating caused by stellar
activity (Immeli et al. 2004), which results from the turbu-
lence generated in spiral arms by the larger-scale dynamical
heating. The galactic disks appear then as tightly self-regulated
structures that remain in a marginally stable state as long as
the cooling agent, the gas, exists. This seems to us a suitable
starting point for finding a better physical explanation of the
TF relation.
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Abstract. In this work, we describe and explore a new model of spiral galaxies that takes into account the cycling of gas
between the interstellar, almost collisionless cold gas that is supposed to constitute a large fraction of the dark matter and the
warm collisional phases, with a secular transformation of a fraction of warm gas into stars. Our model predicts a lack of dark
matter in form of very cold gas at the center of galaxies. Moreover, it reproduces successfully observational features of spiral
galaxies like rings and spirals. The secular evolution shows an increase of the ratio between stars and dark matter, while the
fraction of visible gas remains more or less constant.
Key words. kinematics and dynamics of galaxies – cooling – dark matter – sticky particles
1. Introduction
ΛCDM scenario encounters a large success in reproducing
the large scale structures of the Universe. However, at smaller
scales its predictions are more difficult to reconcile with the ob-
servations. The dark matter cusp in galaxies, and in particular in
dwarf irregulars, the high number of small systems and the low
angular momentum problem at the origin of too small disks size
illustrate the misunderstanding of the physics involved during
the galaxy formation. But as argued by (Combes, 2003) those
problems can be solved if a fraction of the dark matter is in a
baryonic form and is continuously involved in the galaxy for-
mation scenario. Moreover, there are now several observational
facts that let us think that baryonic matter must be present in
quantity in the outer part of the galactic disks.
Smith et al. (2000) have observed a relationship between
the HI, H-α and far-ultraviolet emission in the galaxy M101.
They concluded that HI results from the photodissociation
of undetected H2 molecules by the strong UV flux emanat-
ing from nearby newly formed massive stars (O-B). Using
the Canada-France-Hawaii Telescope, Cuillandre et al. (2001)
have detected a population of B stars well correlated with the
extended HI, in the outer disk of M31 where no star forma-
tion is expected to exist. Naeslund & Joersaeter (1997) have
found a counterpart optical emission to the warp of NGC 4565
at 27 kpc of the galactic center. Correlations between stars and
HI far from the center reveal that molecular gas, at the origin
of a weak but existing star formation rate, must be present in
abundance in the outer disk of galaxies.
Send offprint requests to: Y. Revaz
It has been pointed out long ago by Bosma (1978, 1981)
that in samples of galaxies, the ratio between the dark matter
and HI surface density is roughly constant well after the optical
disk (see also Carignan et al., 1990; Broeils, 1992; Hoekstra et
al., 2001). These observations suggest that a large fraction of
the dark matter lie in the disk of galaxies, following the HI
distribution. The such called heavy disk assuption is now sup-
ported by strong dynamical arguments based on the assyme-
tries of galaxies, either in the plane of the disks or transver-
sal to it. For example, the large spiral structure present in the
very extended HI disk of NGC 2915 is supported by a quasi
self-gravitating disk (?). Recently, Revaz & Pfenniger (2004)
have shown that heavy disks are vertically unstable and give a
natural explanation to the old problematic of warps. Other ar-
guments supporting the idea that dark matter could reside in
the galactic disk in form of cold molecular gas are discussed in
Pfenniger (1994).
In a forthcoming paper, Pfenniger (2005) shows how a
gravitational collapse of a molecular cloud can, instead of
forming stars, result in the formation of globules made of very
cold H2. Those globules could contribute to a substantial frac-
tion of the unseen mass in the disk of galaxies. In this view,
the H2 constitutes a large baryonic reservoir. A cycle exists be-
tween the very cold H2 phase in sub-10K conditions and the
observable warm gas. Once heated by nearby stars, the very
cold H2 phase transforms into a collisional classical warm gas
that will either form stars or cool and return into the cold phase.
The HI is then a transient phase that is produced by the local
UV flux of newly born stars by H2 photodissociation and trans-
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In this paper, using and N-body treecode, we explore the ef-
fect on the global dynamic of the galaxy of the cycling between
a cold and a warm phase that model the ISM. Star formation is
also taken into account. Different kind of particles are consid-
ered whether they represent star, warm gas or cold H2 gas. As
cold gas is known to form very clumpy structures (Fiedler et al.,
1994; Fey et al., 1996; Frail et al., 1994), we have considered
it as collisionless. In the other hand, warm gas is very dissi-
pative and we have threated it using a sticky particle scheme.
The scenario is tested in the extreme case where a substantial
fraction of the dark matter is contained in a disk in the form of
molecular cold gas.
In Sect. 2 we introduce in details the rules adopted to sim-
ulate the behavior of the ISM and the way it is implemented in
the treecode. The initial mass model of the galaxy is presented
in Sect. 3. In Sect. 5 we describe the evolution of a reference
model and in Sect. 6 the role of each free parameter is dis-
cussed.
2. Modelisation of the ISM
The physics of the ISM is highly complicated. Taking into ac-
count all physical and chemical processes without loss of accu-
racy in the computation of the galactic dynamic, is actually out
of reach. Moreover, when trying to model the physics in detail,
one has to use a large number of free parameters that do not
lead to a better understanding of the nature. In the following
subsections, we explain how we have modeled the physics of
the ISM as simply as possible using few free parameters. The
resulting model is far from a perfect representation of the real-
ity but allows to improve our understanding of the gas behavior
and its influence on the global dynamic at the galactic scale.
For a better understanding of the following subsections, it is
useful to precise that our N-body code is based on the Barnes-
Hut treecode (Barnes & Hut, 1986).
2.1. Multiphase interstellar gas model
Improving the computation of the ISM at a galactic scale re-
quires a specific treatment for particles, whether they represent
collisionless stars, cold gas in a cold collisionless phase or gas
in a warm highly collisional cooling phase. Thus, particles are
divided into three components, namely the stars, the warm gas
and the very cold dark gas. As in this paper warm dark gas is
not supposed to exists, in the following the attribute ”very cold”
is omitted.
Physically, the interface separating the two gas phases is not
well defined and depends on the local physical conditions like
the gas temperature, its ionization fraction, its density and its
molecular content. In our model, the transition between phases
is determined by the specific energy of the gas. We have at-
tributed to each particle i a value ui that represents its specific
energy. When the specific energy of a particle is lower than a
critical specific energy uc, the gas particle is considered as dark
gas. On the contrary, when it is higher, it is considered as warm
gas.
The cycling of gas between the very cold and warm phase
depends on the time variation of the local specific energy that
DGWG DGWG




Fig. 1. Mass and energy transfer between the three phases. ST=stars,
WG=warm gas, DG=dark gas
is directly influenced by the environment. Fig. 1 represents
the mass and energy exchanges between the three phases. The
competition between the heating by nearby stars and super-
novae and the radiative cooling determines the conversion rate
between the warm and dark phase. The cycle is completed by
the possibility given to warm gas to become stars.
2.2. Radiative heating
The heating of the interstellar medium due to the UV radiation
of stars is modeled as follow. The power P received by a body
that exposes a surface S to a radiation field produced by a body
of luminosity L at a distance r is given by:




where fh is an efficiency conversion factor of the radiative flux
into thermal energy. Let us introduce L j, the luminosity pro-
duced by a star particle j. If we assume it to be proportional to
the mass particle, it can be written as L j = (L/M)?m j where
(L/M)? represents the luminosity emitted by unit of mass. This
assumption is justified by the fact that each particle represents
an homogeneous star sample of about 106 M. In an optically
thin regime, the increase of the specific energy ui due to the lu-
minosity of all stars particles can be obtained by summing the









∆r2i j + 
2
) . (2)
In this latter equation, we have approximated the surface S i of
the particle i by the the square of the softening length. ∆ri j is
the distance between the particle i and j and mi and m j they
masses. In order to avoid that the heating diverges when ∆ri j
is small, we have softened the inverse square dependence by
adding an 2 term. In our code, the computation of the sum
takes advantage of the tree decomposition that is performed
anyway at each time step of the treecode. When a gas particle
interacts with a cell, the contribution of the stars contained in
the cell is replaced by the total luminosity of these stars divided
by the square distance to the mass center of the cell.
ð2 
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2.3. Radiative cooling








where ρ¯g represents the mean mass density of the warm gas
and Λd, the cooling term that can be related to the interstellar
cooling function (Dalgarno & McCray, 1972) by multipliying
it by the mean hydrogen density n2H.
2.4. Dynamical cooling
In addition to the cooling of the gas described in the previous
section, the ISM is also subject to a cooling induced by a long
chain of processes. Physical collisions between giant molecu-
lar clouds (GMC) is a dissipative process that contribute funda-
mentally to the formation of spiral structures (Combes & Gerin,
1985). Computing the interaction between GMC is not sim-
ple. Because of the low filling factor of those clouds, methods
that assume hydrodynamical fluid conditions are not appropri-
ate. Casoli & Combes (1982) have shown that the collisional
time-scale for molecular clouds is larger than the time needed
to cross the spiral arms. In these conditions, the sticky particle
scheme proposed by Schwarz (1981) and applied on molecular
clouds by Combes & Combes & Gerin (1985) is much more
adequate. Instead of using the classical sticky particle method
where the radial and transversal relative velocities of two col-
liding particles are modified by constant factors (Brahic, 1977),
we have taken one inspiration from Huber & Pfenniger (2002).
The dynamical cooling is realized by adding a friction force
between two nearby warm gas particles. In order to conserve
the angular momentum the force must be central, i.e. aligned
with the relative position of the two particles (Pfenniger, 1994).
Formally, the friction force acting on particle i due to the inelas-






ΛG(∆r) F(∆v, e ji) e ji, if∆v · e ji < 0
0 otherwise.
(4)
mi is the mass of particle i, Λ is the friction coefficient and has
a unit of an inverse time. The condition ∆v · e ji < 0 imposes
a convergent flow. G and F give respectively the dependence
of the friction force with respect to the relative position and
velocity of the two particles :
F(∆v, e ji) =

















scale length v, defines the elbow’s position of F and rm is the
minimal distance required between to particles to enable the
cooling force. The top of Fig. 2 shows the dependency of the
cooling with respect to the norm of the relative velocities. For
small ∆v, the norm of F increases linearly while for large ∆v












Fig. 2. Top : Dependency of the cooling force with respect to the rel-
ative velocities of the particles (v = 0.07). Bottom : Dependency of
the cooling force with respect to the relative position of the particles
∆r (rm = 2).
it tends asymptotically to 1. This avoids numerical problems
when two particles approaches with relative large velocities.
The bottom of Fig. 2 shows the dependency of the cooling with
respect to the relative positions. G = 1 for∆r = 0 and decreases
outward. At r = rm it is equal to 0.
The cooling force is active only when two warm gas parti-
cles interact as two distinct bodies in the sense of the treecode
(body-body interaction). This means that when a particle inter-
acts gravitationally with a cell that approximates the gravita-
tional field of a group of particles, no cooling force due to the
group is computed. In this way, we ensure the conservation of
the impulsion.
2.5. Star formation
Details of the star formation occur at very small scales ( 1pc)
and cannot be correctly computed in a simulation that has a res-
olution of about 100 pc. We have adopted a simple scheme that
reproduces well the Schmidt law. When two warm gas particles
collide (∆r < rm), they have a probability Psf to become stars.
If we assume that the relative particle positions is uniformly
distributed in the volume bounded by rm, we can define Psf as
the probability that ∆r is less than a crittical radius rsf < rm.
The probability to form star during a time interval ∆t is written
as:




With this trick, we take advantage of the randomness of the
system to avoid a costly random number generation. When two
warm gas particles collide, a test is made on they relative dis-
ð2 
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tance ∆r. If ∆r is less than rsf , the two particles become stars.
If not, they simply cool, as described in Sect. 2.4.
The dependency of the the star formation rate with respect
to the density is not trivial and depends on the distribution func-
tion. In a disk model, such as disscussed below, this scheme
reproduces approximately a Schmidt law with an exponent of
about 1.3.
2.6. Energy feedback
In addition to the gas consumption, an important effect of the
star formation on the dynamical evolution of the galaxy occurs
through the large amount of energy released by supernovae and
massive stars in form of stellar winds. Energy feedback is in-
jected into the ISM both in kinetic and thermal form. Its usual
implementation consists in kicking the surrounding particles
that represents the ISM in the neighbourhood of the newly born
stars. On the time step following the creation of a new star par-
ticle, a repulsive force is enabled between the new star j and all
gas particles i in its neighborhood.1 As the power emitted by
particle j is proportional to the force Ffbj→i on particle i times
the average speed v of the mass ejecta, we can write :
Ffbj→i = fm
mim j





∆r2i j + 
2
) e ji, (8)
where the luminosity of the new star released in kinetic form
is equal to (L/M)kinSN m j and fm is a conversion efficiency fac-
tor of the radiative flux into mecanical energy. We define η ≡
fm (L/M)kinSN · v
−1[ ergkg·m ] as dynamical feedback parameter.
The energy released in a thermal form is taken into account
by increasing the value of the specific energy ui of particles in
the neighborhood of the new star particle. The increase ∆ui of









∆r2i j + 
2
) . (9)
Actually, the code do not take into account the recycling of the
warm gas, that, after being enriched by massive stars is released
into the ISM.
2.7. Time evolution of the specific energy
Let us reduce the previously used parameters by three rates (all
have units of an inverse time), namely the cooling coefficient,














1 Here, only particles that interact through direct body-body inter-
action as determined by the tree are considered as neighbors.
Fig. 3. Example of the evolution of the specific energy ui for a particle.
The particle represent dark gas (resp. warm gas) when the value ranges
between [0, uc[ (resp. [uc,∞[). Outside these intervals, the particle is
a star.
Using Eq. (2), (3) and (9) we can write the evolution equation






















∆r2i j + 
2
) . (15)
Equating the two first terms of Eq. (15) (in an evolved galaxy
when the SFR has dropped, the third term is relatively small)
a characteristic radius determines, for a particles heated by N?







In this equation we have supposed that all particles have iden-
tical masses. The evolution of the specific energy is illustrated
by an example in Fig. 3. A particle starts its life as dark gas,
spent most of the time between both phases and ends as warm
gas.
3. Galaxy model
3.1. Initial mass distribution
In order to observe the secular evolution of the density profile
as well as the spatial distribution between the different com-
ponents (warm gas, dark gas and stars), we have started the
simulation with a very simple model. The initial model is de-
liberately sets up as a rough galaxy mass model in order to be
able to check whether galactic profiles emerge naturally from
the evolution or not. The initial mass distribution is based on
ð2
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Fig. 4. Safronov-Toomre parameter and rotation curve of the initial
disk.
a slightly modified Mestel disk. All the baryonic matter is dis-
tributed in the initial disk. A substantial fraction of the dark
matter is supposed to be in form of very cold gas. For the sake
of simplicity and not introducing poorly constraint quantities
such as the non-baryonic mass content, no dark halo is used.
The surface density of the initial disk is given by :









The arccos function is used to truncate the disk at Rmax. The ra-
dial radial scale length e, removes the center density sigularity
of the Mestel disk. In analogy with the flare observed in the HI
of our Galaxy (Burton, 1992), we have added a radial depen-
dence of the vertical scale height. The initial vertical profile is
homogeneous between ±zmax(R) where zmax(R) depends of the
distance to the center as :
zmax(R) = hz0 eR/R f . (18)
At the center, the width of the disk is 0.25 kpc while it is about
1 kpc at R = 35 kpc.
Parameters for the mass distribution are listed in Table 1.
With theses choices, the rotation curve is flat up to R = 30 kpc
(see Fig. 4).
3.2. Initial velocities
The initial vertical velocity dispersion σz is determined by sat-
isfying the equilibrium solution of the stellar hydrodynamic
Table 1. Parameters for the density distribution of the initial flaring
disk.
e = 0.1 hz0 = 0.25
Rmax = 35 R f = 25
equation in cylindrical coordinates (Binney & Tremaine, 1987,










The ratio between σ2r and σ2φ is derived from the epicycle ap-







where Ω and κ are respectively the circular and epicycle fre-
quencies. As in the epicycle approximation the radial oscilla-
tions are decoupled from the vertical oscillations, the ratio be-








where ν is the vertical epicycle frequency. The factor β, sets
to 1.5, allows to control the stability of the disk. Fig. 4 shows
the rotation curve of the model as well as the Safronov-Toomre
parameter Q that ranges between 1 and 2, except very close to
the center.
3.3. Initial gas fraction
We have started the simulations with a disk dominated by dark
gas. According to the rules of Sect. 2.1 dark gas particles are
unable to form stars and thus no warm gas will be created if
only dark particles are present. The SFR is ignited by replacing
5% of dark gas into hot gas in the central 3 kpc. Experiments
have shown that neither the arbitrary choice of 5% nor the way
it is distributed in the disk are crucial for the subsequent galac-
tic evolution. As the cooling and heating time scales are small
comparing to the dynamical time, during the first hundreds Myr
an equilibrium is found between the dark and warm gas that is
weakly dependent on the initial conditions. Finally, for each
gas particle we have to set a value for the specific energy. We
have used a uniform distribution between [0, 1[ and [1, 2] re-
spectively for dark and warm particles.
4. Numerical simulations
4.1. Parameter space
According to the previous sections, the parameter space con-
sists of 8 parameters :
4.1.1. λd, γd, γSN
The evolution of the specific energy depends on λd, the cool-
ing coefficient, γd and γSN, the heating coefficient of stars and
supernovae. As the cooling function is very low for clumpy
cold gas, the value of λd is set to 0 for the dark gas particles
(no cooling). For the warm gas, λd varies between 6.3 · 10−3
and 6.3 · 10−2 corresponding to an effective cooling times of 15
ð2¹
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to 150 Myr 2. The value of γd is equal for both gas phases. It
values ranges between 1.69 ·10−5 and 1.69 ·10−4. In all simula-
tions, γSN is set to 2. This ensures that particles very close to a
SN (∆r ≤ ) become instantaneously very warm. This mimicks
the HII bubbles that surround SN and OB associations.
4.1.2. Λ, rm, v, η
The dynamics of star and gas depends on four parameters, Λ
the friction coefficient, rm the maximal radius of the friction
force, v the velocity scale length of the friction force and η
the dynamical heating parameter (dynamical supernovae feed-
back). Preliminary simulations have shown a clear correlation
between Λ and rm. Increasing rm is equivalent to increase Λ.
We decided to fix rm to 2 , where  is the softening length.
This means that two particles can cool dynamically only when
they “penetrate” into their softening radius. Moreover, chang-
ing v, has no observable effect if this latter is slightly higher
than the mean differential speed between particles. We decided
to fix it to 0.07.
With values of Λ between 1.8 · 10−2 and 1.8 · 10−1 the
dynamical cooling time is ranges between 5.5 and 55 Myr).
However, we have to keep in mind that this time can vary con-
siderably depending on the rate of encounters that a gas par-
ticle experiments during an orbit. The value of η is chosen,
ensures a dynamical heating of about 1050 erg per supernova
(η ∈ [0.253, 2.528]).
4.1.3. Psf
The last parameter Psf gives the probability of star formation,
when two warm gas particles collide. We have set it in the range
[6.3 · 10−6, 6.3 · 10−5] in order to obtain SFR compatible with
observations.
With this choices, the parameter space is reduced to 5 di-
mensions.
4.2. Set of models
11 simulations are performed exploring the parameter space.
Simulation 00 is the reference model. From it, each parameter
is varied of plus and minus half a dex. Table 2 resumes the set
of the simulations.
The N-body code used is based on the Barnes-Hut treecode
(Barnes & Hut, 1986) parallelized to run on GRAVITOR, the
132-processors Beowulf cluster of the Geneva Observatory.
Each simulation contains 262 144 particles of equal masses.
The opening criterion parameter is fixed to 0.6, the softening
length  to 0.15 kpc and the time step to 0.25 Myr.
5. Evolution of the reference model
Fig. 5 and Fig. 6 show the evolution of model 00 between
t = 100 and t = 2000 by steps of 100 Myr and from t = 2300
to t = 8000 by steps of 300 Myr. Columns 1 to 3 show respec-
tively the face-on projection of stars, warm gas and dark gas.
2 The cooling time τc is defined as 1/λd.
Λ γd λd Psf η
00 0.0571 1.69 · 10−4 0.02 0.00002 0.800
01 0.1804 - - - -
02 0.0180 - - - -
03 - 5.25 · 10−4 - - -
04 - 5.25 · 10−5 - - -
05 - - 0.0632 - -
06 - - 0.00632 - -
07 - - - 0.0000632 -
08 - - - 0.00000632 -
09 - - - - 2.528
10 - - - - 0.253
Table 2. Set of parameters. Model 00 is the reference model. In each
of the following models parameters are successively variated.
While column 4 shows an edge-on projection for each of the
tree components: stars, warm gas and dark gas from top to bot-
tom. Columns 5-8 continue columns 1-4 for subsequent times.
5.1. Gas fraction and star formation rate
The evolution of the mass fraction of each component is rep-
resented at the top of Fig. 7. The bottom panel shows the time
evolution of the SFR in unit of M yr−1.
During the first 200 Myr the evolution is marked by a
starburst like phase. The star formation rate is very high (>
100 M yr−1) and constant until t = 300, implying a linear in-
crease of the mass fraction of stars. Jointly to the stars the warm
gas component increases because the presence of more stars re-
inforces the radiative heating. On the opposite, the dark com-
ponent that supplies warm gas (and thus also stars), diminishes.
Looking at the snapshot of Fig. 5, the period between
t = 200 and t = 400 is marked by a strong dynamical insta-
bility in form of a two-armed spiral, especially well seen in the
warm component. The instability is a direct consequence of the
dissipation of the warm gas and generates a slightly stronger
SFR visible in form of a bump around t = 260. During the in-
stability, a two-armed spiral extends and carries a fraction of
the warm gas at higher radius where the heating of the star is
insufficient. The gas cools quickly and becomes cold (dark).
This transformation is marked on the evolution of the warm
gas mass fraction (Fig. 7) by a bump (t = 340) followed by
a hollow (t = 480) in the upper line. The hollow results from
the increase of the dark gas that is temporary fueled by cool-
ing warm gas. The lack of warm gas at the center has a direct
consequence on the SFR that drops sharply around 10 M yr−1
at t = 340. Note also the apparition of a bar that has formed. It
persists during the whole simulation.
Between t = 750 and t = 1000 a second instability occurs.
As the previous one it is marked by a strong enhancement of
SFR (60 M yr−1) and a bump in the evolution of the warm gas
mass fraction at t = 800 and a hollow at t = 1000. The same
scenario repeats a third and a fourth times around t = 1500 and
t = 2300 with slightly lower SFR (40 and 20 M yr−1).
After these successions of star burst like phases, the mass
fraction of the warm gas stabilizes around 1/10 of the total
mass for the rest of the simulation. The mass of the stars keep
ð2º
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Fig. 5. Evolution of model 00 between t = 100 and t = 2000, noted in the upper left corner. Columns 1 to 3 show respectively the face-on
projection of stars, warm gas dark gas. While column 4 shows an edge-on projection for each of the tree components. Columns 5-8 continue
columns 1-4 for subsequent times. The boxes dimensions are 50 × 50 kpc2
growing supplied by the reservoir of dark gas. The SFR de-
creases slowly during 2500 Myr and reaches a minimum of
2 M yr−1 at t = 4500. At t = 5000 one can observe a resump-
tion of the SFR peaking at 10 M yr−1 and lasting about 1 Gyr.
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Fig. 6. Continuation of Fig. 5 for t = 2300 to t = 8000.
As for the previous star burst like phases it is linked with an
instability.
The third and seventh rows of Fig. 5 display a face-on view
of dark gas. Quickly after the beginning of the simulation, a
hole grows at the center and remains all along the simulation.
This hole is the direct consequence of the assumed gaseous na-
ture of the dark matter. In regions where the star radiation is
high (especially at the center), dark gas is transformed into hot
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Fig. 7. For model 00 : top: Evolution of the gas fraction as a function
of time. bottom: Time evolution of the star formation rate.
visible gas. Our model predicts a total absense of dark matter
at the galactic center, compatible with the maximum disk as-
sumption confirmed by observations in the Milkyway (Weiner
et al., 2001; Bissantz et al., 2003).
Over a large time scale of 8 Gyr, the upper panel of Fig. 7
shows the secular transformation of dark gas into stars. Starting
from initial condition where stars are absent, at the end of the
simulation the final mass fractions of the three components
(stars, warm gas and dark gas) are 0.48:0.08:0.44.
5.2. Formation of rings, spirals and companions
Rings are common structures often observed in galaxies (Buta,
1995). In this section we shows how such structures apears
naturally in our model, as a consequence of gas dissipation
(Combes & Gerin, 1985) and how they are linked to spiral
arms.
From the previous section, we have seen that star formation
is related to the disk instabilities. In order to better understand
the link between the SFR and the dynamic of the gas, we have
examined the evolution of the central region of the galaxy dur-
ing a complete period of instability. Fig. 8 represents the cen-
tral region (15 × 15 kpc2) of the galaxy between t = 4900 and
t = 5400 which spans the whole instability duration. The warm
gas is projected face-on on the upper panel. On the bottom, only
stars that are younger than 100 Myr are displayed. This gives an
information on the location of the star formation. At t = 4900
the SFR is low ( 2 M yr−1) and the warm gas is symmetri-
cally distributed around the central bar. A ring-like structure of
radius around 4 kpc is clearly visible. This ring that has grown
in intensity from t = 4000 is the result of the cooling of the
warm gas. To understand the dynamic at its origin, we have ex-
amined the resonances between the circular and epicycle fre-
quencies. We found that the radius of the ring corresponds to
the Outer Lindblad Resonance (OLR) in the reference frame
of the bar 3. The effect of the dynamical cooling is to decrease
the energy of particles without changing their angular momen-
tum (Eq. 4). Particles are thus trapped by 2 : 1 periodic orbits.
Fig. 9 displays an example of the most populated orbits found
in the simulation at the OLR resonance. The background corre-
sponds to the surface density of the warm gas at t = 4900. The
inner loop where the moving particles have the lowest motion
reinforces the local density and forms the ring.
At t = 5100 the gas accumulated in the ring is sufficient
to make it unstable. Over-densities are growing and the ring
breaks, forming a two-arm spiral (t = 5200 − 5300). In paral-
lel to the grow of the over-densities, the SFR is enhanced and
increses from 2 to 10 M yr−1.
In this model, the OLR is at the origin of this starburst
phase. Fig. 10 shows the histogram of the star formation rate
per unit of surface as a function of radius, during three time
intervals. Before the burst (t = 4000− 5000), the SFR is domi-
nated by the galactic center. During the burst (t = 5000−6000),
a peak appears around R = 4.6 kpc, at to the OLR. After the
burst (t = 6000 − 7000), the peak amplitude diminishes.
A smaller peak of SFR is also observable around R =
2.4 kpc. It corresponds to the location of the ultra-harmonic
resonance (UHR). The inner ring that is often associated with
the UHR (see for exemple Buta, 1999) is shown in Fig. 11 at
t = 5900. The ring is aligned with the bar and prolonged by
spiral arms. It is relevant to note the overdensities that popu-
late the spiral ridges that are also at the origin of the SFR. The
corelation between the SFR and the warm gas surface density
is also shown at the bottom of Fig. 8. Stars forms mainly in the
ring and in spiral arms, in agreement with the observations of
the H-α that traces star forming regions in the galaxies.
At the end of the instability phase (t > 5400), the
arms/inter-arms contrast diminishes as well as the SFR. The
disk becomes more symmetric.
During the first and third instabilities described in the previ-
ous section, the grow of an over-density in the warm gas gener-
ates a very large star forming region producing a compact star
region that contains few percent of the total mass of the galaxy
(see Fig. 5, t = 300, t = 800−900 and Fig. 6, t = 2300−2900).
The compact star region created in sittu looks like a companion
statellite. It orbits during several rotations before being merged
by the galactic center.
5.3. Large scale spiral in the dark gas
In addition to the central spirals linked to the cooling of the
warm gas, a more regular spiral pattern is frequently visible in
the dark component. Fig. 12 shows a projection of the dark gas
at t = 2000. A large leading two-armed spiral pattern extends
from the central hole up to 30 kpc. The ratio between arms and
inter-arms surface density is about 1.3. Spirals are present dur-
ing three periods, from t = 700 to 2000, from 3400 to 5000 and
from 7000 to the end of the simulation.
3 At t = 4900, the corotation radius is equal to 2.9 kpc
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4900 5000 5100 5200 5300 5400
Fig. 8. Central 15 × 15 kpc2 of the galaxy between t = 4900 and t = 5300. Upper panels show the warm component while lower panels show
the stars particles that are younger than 50 Myr.









Fig. 9. Projection of an example of the 2:1 periodic at the OLR. The
dashed line represent the position of the bar.
Two good interesting examples of large spiral pattern are
NGC 2915 (Masset & Bureau, 2003) and the Circinus galaxy
(Jones et al., 1999). NGC 2915 is a blue compact dwarf galaxy
and Circinus a spiral with Seyfert 2 nucleus. Both have a stellar
disk that is embedded in a much larger (10 times) HI disk. A
bar and a spiral pattern are observed in HI. If, in our model,
a small fraction of the dark component would be transformed
into HI, a good correspondence could exist between the HI
map of our model and the spiral pattern observed in HI disks.
Several observations let think that a correlation exists between
the dark matter and HI. Bosma (1978, 1981) observed that in
samples of galaxies, the ratio between the dark matter and HI
surface density is roughly constant well after the optical disk
(see also Carignan et al., 1990; Broeils, 1992; Hoekstra et al.,
2001). Other observations report the existence of stars or far-
ultraviolet emission correlated with HI, in the outer parts of
Fig. 10. Histogram of the star formation rate per unit of surface as
a function of radius. The values are computed between the intevals
t = 4000 − 5000, t = 5000 − 6000 and t = 6000 − 7000 Myr.
galaxies (Naeslund & Joersaeter, 1997; Cuillandre et al., 2001;
Smith et al., 2000). The presence of cold molecular gas can be
at the origin of a weak SFR and explains these observations. In
our model, at a radius of 20kpc a SFR of 3 · 10−4 M yr−1 is
detectable.
5.4. Density profile
Starting from a flaring Mestel disk, the global density distribu-
tion evolves along the simulation. The edge-on projections of
Fig. 5 and Fig. 6 shows the transformation of dark gas into a
disk of warm gas and stars. A bulge that has formed after the
first instability is well seen. The top panel of Fig. 13 compares
the surface density of the three components at the end of the
simulation (t = 8000). The solid line represents the total sur-
face density while the dotted, short-dashed and long-dashed are
respectively the stars, warm and dark gas.
The galactic center has considerably increased its density
by almost a factor 5 compared to the initial conditions. The
main evolution appears during the first 2 Gyr when the disk in-
stabilities are stronger. At the end of the simulation, the center
is dominated by stars that have formed there, from cooling gas
dragged to the center. The stellar bulge is surrounded by an
exponential disk of scale length hR = 4.3 kpc (dotted curve).
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Fig. 11. Central 8 kpc of the galaxy between at t = 5900. Only warm
gas is displayed. The contrast is enhanced by convolving the surface
density with a Gaussian kernel. Outside the bar gas concentrate at the
ultra-harmonic resonance and form an oval inner ring prolonged by
spiral arms.







Fig. 12. Projection of the dark gas component at t = 2000.
From 6 kpc outward, the mass distribution of the warm gas
follows the stars and represents about 1/3 of the stellar mass.
From 6 kpc inward, the ratio between warm gas and stars in-
creases and reaches a maximum of 1/2 at 4.5 kpc, correspond-
ing to the regions where rings are observed. The dark gas dom-
inates the galaxy from the outside to 10 kpc. Then it drops
sharply and is negligible inside the inner 5 kpc. This is con-
sistent with maximum disk models where the fraction of dark
matter is small within the optical disk.
Fig. 13. Mass distribution and rotation curve at t = 8000. Top panel:
surface density of all components; Middle panel: circular speed (dot-
ted line) and mean azimuthal velocity (solid line); Bottom panel: ver-
tical scale height for the three components.
In the middle panel of Fig. 13, the upper dotted line rep-
resents the rotation velocity (vc) deduced from the potential
(v2c = R
dΦ
dR ) of the model at t = 8000. The lower dotted line
is the mean azimuthal velocity curve 〈vφ〉. The differences be-
tween vc and 〈vφ〉, known as the asymetric drift, results from
the non-zero radial and azimuthal dispersions (BT p. 198). The
initial flat velocity curve of the Mestel disk is replaced by a
curve with higher velocities at the center (vmax = 400 km/s)
and slightly lower at radii greater than 15 kpc. The central cusp
reflects the growth of the central density. As central veloci-
ties dispersions are large, the mean azimuthal velocities peak
at a lower value, around 200 km/s and decrease outside. If the
dark gas is traced by HI emission produced by a fraction of hy-
drogen at higher temperature, dissipation in this gas decreases
its velocity dispersion. For the regions dominated by the dark
component (R > 10 kpc), the gap between the mean azimuthal
velocity of the tracer and the rotation velocity vc is smaller. At
the opposite, the inner regions dominated by stars and warm
gas have higher velocity dispersions and the observed veloc-
ity curve corresponds to the mean azimuthal velocity curve. By
combining the inner part of the mean azimuthal velocity curve
with the outer part of the rotation velocity curve vc we obtain a
flatter observed curve.
The bottom panel of Fig. 13, represents the vertical scale
length hz of each component defined as :
h2z (R j) ≡
∑




where i runs over all particles that have a radius in the range
[R j,R j + dr]. The stellar disk is clearly flaring as observed
by de Grijs & Peletier (1997). Its vertical distribution (dot-
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Fig. 14. Histograms of lifetimes of particles in the warm (top) and the
dark phase (bottom).
ted line) is continuously increasing from the center to 30 kpc
where it reach 6 kpc. The cooling warm gas (short-dashed line)
is constant around 1 kpc, while the collisionless behavior of the
dark gas (long-dashed line) makes it becomes slightly thicker
(2 kpc).
5.5. Exchanges between warm and dark gas
In order to have an idea of the time that particles spend in each
phase, as well as the number of particles that never change
phase, we examine a few average quantities.
Fig. 14 shows the histograms of the lifetimes of particles
in the warm (top) and the dark phase (bottom), computed dur-
ing a time interval equal to the whole simulation (8 Gyr) . The
lifetime distribution for the warm gas has a peak at the center.
One third of the warm gas has a lifetime shorter than the cool-
ing time τc (τc = 1/λd = 50 Myr). The distribution decreases
for longer lifetimes. The fraction of the gas that has a period
longer than 10 τc (500 Myr) is important and constitutes 32%
of the total warm gas. This represents the gas that is continu-
ously heated by the stars near the center.
The lifetime distribution for the dark gas peaks at 15 Myr
and decreases slowly outward. 18% of the dark gas has a life-
time shorter than τc and 28% longer than 10 τc. This latter frac-
tion corresponds to the dark gas that orbits far form the center.
The mean lifetime of the gas spends in the warm component
is 731 Myr while it is 566 Myr for the dark component. Very
warm particles at the center are mostly responsible for the large
average lifetime for the warm gas phase.
In Fig. 15 gas particles are distributed as a function of
their specific energy normalized to the critical energy uc. At
t = 8000, the gas concentrates at the interface of the two
phases (u/uc = 1). 95% of the gas is contained in the range
Fig. 15. Distribution of the normalised specific energy u/uc at t =
8000
[0.95, 1.05]. This large fraction of the gas oscillates between
the two phases and spends only short periods in each phase. It
contributes to the left parts of Fig. 14. For the warm gas u > uc,
the distribution decreases for larger u. Only 3% of the gas has u
greater than 3 uc. This fraction of gas corresponds to very warm
gas that orbit near the center and is continuously heated by the
stars. The distribution of the dark gas decreases for lower u. It
is nearly 0 at 0.5. This is a consequence of the assumption that
the cooling of the dark gas is inefficient. Inside the dark phase,
there is no possibility to decrease the specific energy. When u
reaches uc, the dark gas transforms into warm gas. Then it has
the possibility to cool and becomes dark again. But when it
returns to the dark phase, it can only warm up. Thus it accumu-
lates at the interface.
The distributions of Fig. 14–15 lack the information about
the position of particles. In Fig. 16, the average lifetime of par-
ticules in each phase is plotted as a function of radius. The val-
ues are computed during 1 Gyr at the end of the simulation.
From 11 kpc to the center, particles spend a large amount of
time in the warm phase while, in the outer parts of the galaxy,
less than one fifth of the time is spend in this phase. This short
time has a major importance for regions far from the center. The
warm gas do not have enought time to decrease significantly
its velocity dispersion before becoming dark and collisonless.
Consequently, the velocity dispersion of the warm gas remains
equal to the dark one, which is dominated by dynamical heat-
ing.
This dynamical coupling between the two components can
explain why the velocity dispersion of the HI do not fall un-
der a limit around 10 km s−1 as observed in HI disks. Suppose
that HI emerges out of the dark gas, due to an external heating,
with a temperature around 100 K. Its velocity dispersion will
be the one of the cold gas, about 40 to 50 km s−1, observed in
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Fig. 16. Average lifetime spends in a phase, as a function of the dis-
tance to the galactic center. The solid/dashed line corresponds respec-
tively to the dark gas/warm gas. The curves are computed between
t = 7000 and t = 8000.
our model 4. At 100 K, HI is dissipative. Collisions between
clouds will decrese the velocity dispersion under the velocity
dispersion of the dark gas. The gas temperature also decreases,
because of the radiative cooling. Under 10 K, the gas return into
the dark collisionless phase, where it will be dynamical heated
again. Thus, if HI takes part to the cycle, one expect that it
will be periodically dynamically heated, avoiding its velocity
dispersion to fall to zero.
Unfortunately, in our model we do not observe warm gas
with a low velocity dispersion of 10 km s−1 at large radius. The
reason is the poor resolution in the outer regions. There, the
probability that two gas particles crosses and dissipate together
during the short lifetime in the warm phase is very weak. This
problem could be solved by adding a hotter higly dissipative HI
phase simulated by an SPH method, as is it done, for example,
in Semelin & Combes (2002). However, in our simulations, we
can observe a decrease of the velocity dispersion of the warm
gas in regions of higer density, especially where star formation
occurs.
6. Influence of the free parameters
In this section we will discuss successively the influence of
the free parameters on the global evolution of the galaxy.
Characteristics of the evolved models (at t = 8000) is reported
on Table 3. The first block gives the mass fraction of the stars
(st), the warm gas (wg) and the dark gas (dg). The second block
gives informations on the shape of the galaxy: Rh is the radius
of the central depletion of the dark gas and is defined as the
radius where the surface density of the dark gas is 2/3 of its
absolute maximum value. hR(st) and hR(hg) are the horizontal
scale lengths of the stellar and warm gaseous disks. The third
and fourth blocks give the average lifetimes in each phase (see
Sect. 5.5). T¯ is the mean lifetime spends in a phase. T>10 τc gives
the percentage of particles that have a lifetime longer than 10
cooling time (T > 10 τc) in the phase and T<τc , shorter than τc.
4 This value corresponds to the velocity dispersion that ensure the
stability of a haevy disk.
Fig. 17. Comparison of the evolution of the mass fraction and of the
SFR for the tree models 00, 01 and 02.
6.1. Amplitude of the friction coefficient
Simulation 01 is run with a friction coefficient (Λ) half a dex
larger than the reference model. As in model 00, the disk is
subject to an instability but this latter happens much faster and
has a greater impact on the global evolution. Fig. 18 displays
four snapshots showing the surface density of the warm gas
and stars during the instability. First, at t = 50 a small spiral
forms and then fragments into small clumps (t = 180). Once
the clumps are formed, they merge (t = 310). At t = 440 the
center of the galaxy is divided into two bulges that orbits each
other before merging at t = 2300.
In Fig. 17 the evolution of the mass fraction as well as the
SFR for models 01 and 02 is traced. As for model 00, the initial
starburst like phase is marked by a strong SFR (> 100 M yr−1),
but it remains high until t = 1500 and then drops sharply. The
fraction of warm gas reaches a maximum of 0.1 at t = 800 and
then decreases slowly to 0.01 at t = 2300. At that time, the star
formation is completely stopped and the mass fractions of the
the stars, warm and dark gas are frozen to 0.60 : 0.01 : 0.38 for
the rest of the simulation.
The strong instability has two main consequences on the
galaxy: first, the disk is dynamically heated and the cooling of
the gas is not sufficient to decrease the velocity dispersion. The
disk remains very stable and no structures are observed during
the next 6 Gyr. Secondly, the fast rotation of the two bulges
as well as their collapse leads to a strong mass ejection. 5%
of the mass initially contained in a radius of 15 kpc is ejected
outward. The consequence is the spreading of the stellar and
warm exponential disk. The horizontal scale length increases
to 10.1 kpc for the stars and 9.1 kpc for the warm gas.
Model 02 that uses a lower friction coefficient do not exper-
iment any strong instability. While at the beginning, the am-
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st wg dg Rh hR(st) hR(hg) T¯ T>10 τc T<τc T¯ T>10 τc T<τc
warm gas dark gas
00 0.48 0.08 0.44 6.5 4.9 4.9 731 32 34 566 28 18
01 0.60 0.01 0.38 9.3 10.1 9.1 629 30 16 1145 51 5
02 0.38 0.12 0.50 5.7 4.6 4.5 937 37 29 691 26 18
03 0.58 0.09 0.33 11.6 7.2 6.3 1789 50 15 691 24 20
04 0.34 0.06 0.60 2.5 4.6 4.4 477 24 42 1901 54 7
05 0.34 0.05 0.61 3.1 4.6 4.4 413 35 26 1207 74 2
06 0.59 0.07 0.35 12.9 8.3 7.0 2123 33 19 1038 18 35
07 0.54 0.06 0.40 6.9 6.0 5.5 814 32 31 501 27 18
08 0.42 0.08 0.51 5.1 6.5 5.0 963 35 24 771 37 11
09 0.49 0.08 0.44 5.5 5.4 5.0 631 32 33 624 31 15
10 0.62 0.02 0.36 6.0 9.0 7.2 1145 50 9 1839 62 5





Fig. 18. Instability of model 01 few Myr after the beginning of the
simulation. Snapshot represents the warm gas and the stars. The width
of the box is 30 kpc.
plitude of SFR is comparable to model 00, it decreases regu-
larly. From t = 500 to the end of the simulation the fraction of
the warm gas remains quasi constant around 0.12. The secular
evolution transforms about one half of the initial dark gas into
stars.
6.2. Heating parameter
Increasing the heating parameter (γd), allows to heat gas that
is more distant to the heating source. On model 03 we observe
that the warm gas increases faster (Fig. 19) and is more ex-
tended because gas can be heated at larger radius. The central
depletion of the dark component is enlarged over 10 kpc.
As the warm gas is more abundant (1/5 of the total mass),
the dynamical cooling is higher and the disk experiments a
stronger instability accompanied by a high SFR. At t = 2300
the galaxy stabilizes. The mass fraction of the warm gas freezes
around 0.09, as the dark gas supplies stars at a low rate during
the next Gyr (> 3 M yr−1). The dissipation of the remaining
warm gas allows to cool the disk and brings it into a marginally
stable state. In the warm component a ring is observable at
Fig. 19. Comparison of the evolution of the mass fraction and of the
SFR for the tree models 00, 03 and 04.
t = 3500 and transforms into flocculent spirals (see Fig. 20).
The flocculent aspect is understood by the decrease of the rota-
tion curve between 2 and 10 kpc compared to the flatter one of
model 00.
With a smaller heating parameter, model 04 converts less
dark gas into warm gas. The cooling is lower and it avoids a
strong instability. The mass fraction of the warm gas remains
low (0.07) all along the simulation, while the dark gas domi-
nates.
6.3. Radiative cooling coefficient
The influence of the variation of the radiative cooling coeffi-
cient (λd) is tested in models 05 and 06. In model 05 the cooling
time is 15 Myr while, in model 06, it is 150. Extending the cool-
ing time of the warm gas increases its mass fraction, obviously
because gas takes more time before coming back to the dark
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Fig. 20. Face-on view of the warm gas in model 03 at t = 6000.
phase. The mean lifetime in the warm phase is 2123 Myr for
model 06 against 413 for model 05. The increased mass frac-
tion of the warm gas generates a higher cooling. As for models
01 and 03 the disk of model 06 breaks at t = 300. The SFR re-
mains higher than 50 M yr−1 during the first Gyr (see Fig. 21).
At this time the mass of the stellar component represents half
the total mass. During the next Gyr the SFR decreases regularly
and extinguishes around t = 3000. The bulk of the warm gas is
not sufficient to cool the disk and generate spirals or rings.
At the opposite, when decreasing the cooling coefficient
(model 05), less warm gas is created and the strong instabil-
ity is avoided. The evolution is then very similar to model 04.
6.4. Star formation rate
Increasing the star formation rate allows to transform more
warm gas into stars. Quickly after the beginning of the sim-
ulation, at t = 200, model 07 has formed twice more stars than
model 08 that has a star formation efficiency ten times smaller
(Fig. 23). A larger stellar content heats more gas and we ex-
pect a higher dynamical cooling. This is without taking into
account the dynamical feedback of the star formation. The in-
jection of mechanical energy into the warm component at the
center evacuates warm gas and decreases the cooling. Fig. 22
compares the surface density of the warm gas between model
07 and 08 at t = 200. In spite of the larger star formation effi-
ciency, the surface density of model 07 is lower than model 08
for radius smaller than 3.3 kpc. 2% of the total mass of model
07 is ejected in form of warm gas beyond 5 kpc during the first
200 Myr, and only 1% for model 08. In this latter model, the
higher warm gas density at the center leads to a higher cooling.
An instability occurs at t = 300, the disk breaks and follows an
evolution similar to models 01, 03 and 06. The mass fraction
of the warm gas is still sufficient to cool the disk and a ring and
spirals are observable for t > 4000.
Fig. 21. Comparison of the evolution of the mass fraction and of the
SFR for the tree models 00, 05 and 06.
Fig. 22. Surface density of the warm gas at t = 200. Solid line : model
07, dotted line : model 08.
Because of a weaker cooling, model 07 avoids a major in-
stability. The disk is not sufficiently heated and spiral arms
are observable in the warm component all along the simu-
lation. At the end of the simulation the mass fractions are
0.54 : 0.06 : 0.40.
It is relevant to note that in spite of a SFR differing by a
factor of 10, model 07 and 08 ended with a quite similar gas
and star content.
6.5. Dynamical feedback
On model 09, the dynamical feedback is increased by half a dex
compared to model 00. One could expect that kicking particles
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Fig. 23. Comparison of the evolution of the mass fraction and of the
SFR for the tree models 00, 07 and 08.
around regions of star formation would contribute to enlarge
the velocity dispersion in the disk and heat it. The effect is the
opposite. Rejecting mass around star forming regions avoids
the formation of clumps that are at the origin of a strong dy-
namical heating. Thus, in spite of its larger dynamical feed-
back, model 09 shows the disk subject to the lowest dynamical
heating. Moreover, an equilibrium exists between the cooling
of the gas and the heating due to instabilities. Thus, during the
whole simulation, the disk remains in a marginally stable state
with low velocity dispersions compared to all other models.
Spirals are continuously generated within a radius of 10 kpc
and a SFR between 5 and 10 M yr−1 is maintained.
On the contrary, decreasing the feedback (model 10) allows
larger clumps to form and perturb the disk. The evolution is
then similar to models 01, with a major instability that ejects
warm gas. The galaxy ends with a low fraction of warm gas
(0.02) insufficient to cool and form spirals.
7. Conclusions
In this work, we have simulated the evolution of galaxies where
the ISM is subject to a cycling between an hypothetical cold
collisionless dark component and a component representing the
visible collisional neutral and cold gas. A grid of parameters is
explored and leads to the following conclusions.
In spite of the large variation of the free parameters the
global behavior of the galaxy is convergent toward a few char-
acteristics. In all cases dark gas is slowly converted into stars
and a constent fraction of warm gas remains present. This gen-
eral behavior underlines the tight relationship between the dy-
namical cooling, the SFR and the dynamic of the galaxy.
The cooling of the gas decreases the velocity dispersion and
generates instabilities. The evolution of an instability strongly
Fig. 24. Comparison of the evolution of the mass fraction and of the
SFR for the tree models 00, 09 and 10.
depends on the parameters. In extreme cases over-densities
grow quickly and form clumps that split the inner galactic disk
and heat it dynamically. At this stage, the galaxy is irregular
and looks like the frequent peculiar system observed at high
redshift (z > 0.6) (Abraham & van den Bergh, 2001). The
clump formation outcome is highly critical, because above a
given density threshold, the SFR is much more pronounced.
Increasing the SFR increases the heating. More dark gas is
transformed into warm gas that cools and forms stars. The pro-
cess is accelerated until all the local dark gas is consumed.
In this scenario, two effects act as regulators: the colli-
sionless dynamical heating and the star formation feedback.
Overall mechanical instabilities generate a dynamical heating
that tends to stabilize the disk. Following a strong instability,
the disk is considerably heated and can remain stable during
several dynamical times. The dynamical feedback decreases
the growth of over-densities by spreading masses. It prevents
the formation of clumps and avoids strong instabilities. The
disk can thus remains dynamically cool.
In about half the simulations, the evolution of the galaxy
reaches a state where the cooling is just counterbalanced by a
dynamical heating. In that cases, spirals are continuously gen-
erated during several dynamical time and the SFR is main-
tained between 1 and 10 M yr−1. The disk is thus maintained
in a quasi-equilibrium state, at least, as long as the dissipative
gas is present (Sellwood & Carlberg, 1984).
The assumption of a heavy disk that contains a substantial
fraction of the dark matter in form of very cold gas is consis-
tent with many observations. Masset & Bureau (2003) found
that the spiral structure in the galaxy NGC 2915 is well re-
produced by gravitational instabilities, when the dark matter
is contained in a heavy disk. But they emphasized that in this
case, one would expect to see wide-scale star formation in the
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disk. If dark matter is in form of collisionless very cold gas,
the Kennicutt’s star formation threshold (Kennicutt, 1989) is
no longer available and only a very weak star formation is ex-
pected to exist in the disk, far from the center. Signs of such
SFR have been observed beyond the optical disk of galaxies
(Cuillandre et al., 2001; Naeslund & Joersaeter, 1997) and re-
veal that molecular gas must be present in abundance in these
regions.
If HI is associated with the dark component, the model re-
produces naturally the corelation observed between the dark
matter and the HI surface density (Bosma, 1978; Carignan et
al., 1990; Broeils, 1992; Hoekstra et al., 2001). Moreover, it
predicts a lack of dark matter at the galactic center, as con-
straints by observations (Weiner et al., 2001; Bissantz et al.,
2003). In this model, dark matter is thus present only in the
outer part where galaxies realy need it.
The cycle occuring between the dark and warm gas at large
radius ensures that the velocity dispertion of the cooling gas do
not fall to zero. This may be at the origin of the bottom limit
around 10 kpc observed in the velocity dispertion of the HI.
The large dark gas disk represents a resevoir that continu-
ously fuels the classical warm gas. As its mass is much larger
than the classical warm gas, a constent SFR can be maintened
over a Hubble times or more. The ‘gas consumption problem’
(Larson et al., 1980) is thus naturally solved. In this scenario,
the higher fraction of dark matter found in late type spirals
compared to early type is the direct consequence of the sec-
ular transfer of the dark gas into stars. This transfer leads to a
stable SFR already mentioned. The fraction of classical warm
gas remains constant along the sequence in accordance with the
observations.
In addition, our model reproduces common features of spi-
ral galaxies:
– Spirals forms in the collisional component if the heating
of the disk is not to high. Spirals usually are two-armed
but can also be flocculent if the rotation curve steeply de-
creases, as observed in model 03.
– Rings appears spontaneously at the OLR when the cooling
of the warm gas is sufficient. They are formed by orbits cap-
tured by 2 : 1 resonances and are at the origin of starburst.
Inner rings at the UHR are also observed.
– An exponential visible disk as well as a bulge emerge spon-
taneously out of the initial Mestel disk. The bulge is more
prominent for evolved models.
– The dark gas distribution is depleted at the center of the
galaxy and is anti-correlated with stars.
– The warm gas distribution decreases at the center. Its mass
fraction ranges between 0.02 and 0.12.
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A UNIFIED PICTURE OF DISK GALAXIES WHERE
BARS, SPIRALS AND WARPS RESULT FROM THE
SAME FUNDAMENTAL CAUSES
Daniel Pfenniger and Yves Revaz
Geneva Observatory, University of Geneva, CH-1290 Sauverny, Switzerland
Abstract Bars and spiral arms have played an important role as constraints on the dy-
namics and on the distribution of dark matter in the optical parts of disk galax-
ies. Dynamics linked to the dissipative nature of gas, and its transformation
into stars provide clues that spiral galaxies are driven by dissipation close to
a state of marginal stability with respect to the dynamics in the galaxy plane.
Here we present numerical evidences that warps play a similar role but in the
transverse direction. N-body simulations show that typical galactic disks are
also marginally stable with respect to a bending instability leading to typical ob-
served warps. The frequent occurrence of warps and asymmetries in the outer
galactic disks give therefore, like bars in the inner disks, new constraints on the
dark matter, but this time in the outer disks. If disks are marginally stable with
respect to bending instabilities, our models suggest that the mass within the HI
disks must be a multiple of the detected HI and stars, i.e., disks must be heavier
than seen. But the models do not rule out a traditional thick halo with a mass
within the HI disk radius similar to the total disk mass.
Keywords: Bars, spiral arms, warps, dark matter, galaxy dynamics
1. Introduction
Over the years we discover progressively the true nature of galaxies by con-
fronting observations to theory and vice versa. A simple tool to rank the impor-
tance of the various physical ingredients at play in galaxies is a more complete

























It allows to rank the main energies (bulk kinetic, gravitational, internal and ex-
ternal pressures, magnetic, etc.) determining the system equilibrium measured




. Clearly the magnitudes of the
interacting energies (mainly bulk kinetic against gravitational energy in galax-
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ies) rank the importance of each factor. A Taylor expansion of this equation in
time also shows that an evolution along a sequence of quasi-steady equilibria
is determined to first order by the magnitude of the interacting powers (mainly
gas cooling against mechanical heating power).
The main point emphasized here is that the same rules found to well ex-
plain to first order the horizontal properties of spiral galaxies, i.e., gravita-
tional physics supplemented by energy dissipation, are also able to explain the
ubiquitous warps. By comparing numerical simulations of thin self-gravitating
disks to the observed properties of spirals, in particular to their frequent warps,
a coherent dynamical and evolutive picture of spiral galaxies emerges, with the
suggestive hint that two types of dark matter are involved: 1) the classical ex-
tended dark halos much thicker than the disks, and 2) a dark component coeval
with the HI disks similar to the one proposed in Pfenniger & Combes (1994).
Nowadays the need of at least two types of dark matter is actually well mo-
tivated. From the big-bang predicted baryogenesis most of the baryons remain
to be found, and on the other hand, also from cosmology non-baryonic dark
matter is required to obtain a coherent description of large scale structure for-
mation and the Universe cosmological parameters. Since baryons are known
to be strongly dissipative and sometimes collisional, contrary to the expected
non-baryonic dark matter, we have no grounds to expect that in galaxies their
respective spatial distributions should coincide.
2. The role of bars and spirals
The bar instability has been used in the 70’s for supporting the idea that
an extended dark matter halo must exist to prevent bar formation (Ostriker &
Peebles, 1973). Indeed the early N-body simulations showed that bars result
spontaneously from a dynamical plane instability in a collisionless disk with
an initial flat core. But because theoreticians were wrongly assuming that bars
were exceptional, they imagined a hot and massive collisionless component
coexisting in the optical disks as a solution to prevent the quick formation
of bars, despite the awareness by skilled observers such as de Vaucouleurs
that bars are frequent. Subsequent higher resolution and infrared observations
revealed that bars are in fact even more frequent and found in a majority of
spirals, as reminded in several papers at this conference.
The reverse problem was thus discussed many times: how bars and hot dark
halos can coexist, since dark halos were then no longer viewed as hypothetical.
It was also understood over the years that barless disks can exist when the
central density profile is too centrally concentrated.
Spiral density waves are a more general but less robust version of the bar
phenomenon. The main reason for spiral formation is now well understood as
resulting from the non-linear growth of a spontaneous gravitational instability
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in the disk plane with the same origin as for bars: a kinematically too cold
disk is gravitationally unstable, and the non-linear result is typically a bar in
the initial flat core and spiral arms in the outer differentially rotating region.
Without invoking more than Newtonian physics it was also found that the typ-
ical double exponential disks profiles are also a natural asymptotic state for a
collisionless disk passing through a bar instability (Pfenniger & Friedli, 1991).
The non-linear structures resulting from the gravitational instability are never
strictly stationary, but evolve secularly (over several rotational periods). In
pure collisionless disks they tend to destroy the spiral arms and later bars, so
obviously something must regenerate them in real galaxies.
The theory of bars and spirals is presently incomplete because the full self-
consistent problem is very non-linear. Thus no analytical theory able yet to
predict the full development of strongly rotating collisionless self-gravitating
disks. Only the brute force N-body simulations are able to do it.
Since the Newtonian physics involved in these N-body experiments is very
well understood, and that the numerical codes can to a large extent be trusted
because different versions implementing different techniques have been devel-
oped and checked over several decades by many groups, we can use these N-
body techniques to predict and explain the behaviours of galaxies. The results
of such N-body simulations should be taken as seriously as analytical develop-
ments in celestial mechanics. As example of success of N-body techniques
is the prediction that bars may evolve into peanut-shaped structures. This
was first empirically found in N-body experiments (Combes & Sanders, 1981;
Combes et al., 1990), understood theoretically (Pfenniger & Friedli, 1991), and
later confirmed by observations (e.g., Bureau & Freeman, 1999).
Coupled to this well understood underlying physics, numerous independent
studies of the mass to light ratio in the optical parts of spirals have determined
that a substantial fraction of the gravitating mass there is well explained by the
detected baryons (e.g. Sancisi, 2003). This ensures that we have at least a basic
physical understanding of the inner parts of galaxies.
3. The role of gas
Since disk galaxies as star producing systems must contain also a lot of gas,
its effects must be considered on the long run. First, dust polluted gas is very
efficient to lose its thermal energy by infrared radiation, so galaxies must be
seen, besides in first approximation as rotating self-gravitating objects, in sec-
ond approximation also as energy dissipating structures. Gravitationally bound
rotating structures slowly losing energy tend to rapidly converge towards thin
disks because then angular momentum is a quantity much harder to dissipate
away than energy.
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So the frequent occurrence of spiral arms (after all disk galaxies are called
spirals!) follows directly from the constant competition between the effect
of cooling driving disks towards the gravitational Safronov-Toomre instabil-
ity threshold. Any further cooling leads to strong reaction from the disk by
dynamical heating. As long as gas cooling continues to be efficient the natu-
ral long term state of spiral galaxies is therefore to stay close to the marginal
stability threshold.
Numerous studies show that galactic disks, including the Milky Way, have
disks close to a marginal stability state with a Safronov-Toomre parameter 
close to unity. Because of this marginal state, spiral galaxies do react strongly
to other perturbations such as galaxy interactions by amplifying spiral arms.
Many studies have been trying to determine whether spirals and bars result
either from galaxy interactions or from a proper disk instability. The more
fundamental cause of spirals and bars is actually the internal marginal stability
state making galactic disks very reactive to various perturbations. Even small
satellite interactions trigger large responses from a disk in the form of grand
design spirals. The name of “spirals” for disk galaxies is in the end an excellent
way to characterize their close to marginal stability state, showing both that
dissipation acts and dynamics reacts.
A corollary of such a marginally stable state is that a steady state is unlikely.
Instead evolution is to be expected as long as the marginal stability state is
maintained by the competing factors, gas cooling against dynamical heating.
As by-product the large scale dynamical instability of galactic disks leads
to local interstellar gas compression, shocks and turbulence, cascading down
to smaller scale gas instabilities (e.g., Fleck, 1981; Elmegreen, 2004). At the
bottom of the cascade the most visible effect of the gas “turbulence” is star for-
mation (Klessen, 2004), which implies gas consumption. The long term effects
of large scale instabilities is to transform progressively the dissipative compo-
nent into a collisionless stellar component. By consuming gas the cooling
agent becomes rarer, and by forming stars the dynamical heating more effec-
tive in counter-balancing gas cooling. In addition the mechanical energy out-
put produced especially by massive stars provides a second important source
of heating competing gas cooling.
4. Constraints on dark matter forms
So the slow transformation of matter from gas rich, but also dark matter rich
disks to gas poor, star rich and dark matter poor structures already indicates
that the above picture is broadly consistent. Gas poor disk galaxies (S0’s, Sa’s)
have namely typically less prominent and open spiral arms in more symmetric
disk, while gas rich spirals (Sd’s, Sc’s) have large open spirals in irregular
disks. The fact that along the spiral sequence the visible gas represents always
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a minor fraction of the mass indicates that some of the dark mass must be gas
in order to be able to form subsequently all the stars that are seen in S0’s and
Sa’s (Pfenniger et al., 1994).
However the fact that S0’s and Sa’s still contain a fraction of dark mass
while showing very little star formation indicates also that some of the dark
mass is in a form that cannot easily form stars. Around 40% of the total mass
within the HI disk radius might be in a dark collisionless form. Therefore the
above considerations show already that we can have a consistent dynamical
picture of disk galaxies including the gas and star formation aspects provided
that two forms of dark matter exist: one, close to the visible gaseous form
for explaining the properties of the spiral sequences as an evolutive sequence
of dissipative gravitating disks, and one non-gaseous form for explaining the
remaining “indestructible” dark mass in the evolved part of the sequence, the
S0’s and Sa’s.
5. The role of warps
All these considerations have been made considering the plane dynamics of
spiral galaxies, except for the bulge growth via vertical instabilities in the inner
stellar disk.
But what about the dynamical effects transverse to the disks in the outer
regions? Namely, a notorious puzzle in spiral galaxies is the ubiquitous warp
phenomenon which has eluded a clear explanation up to now. For instance
warps are unlikely to result from resonant normal modes, because the soft
edges of galaxy disks damp discrete modes (Hunter & Toomre, 1969). Nor-
mal modes generated by massive inclined dark halo (Dekel & Shlosman, 1983;
Sparke, 1984; Sparke & Casertano, 1988) are ruled out by dynamical friction
that damp the warp in a few dynamical times (Dubinski & Kuijken, 1995).
Only particular triaxial halos can produce a torque that leads to a warp with a
straight line of node and negligible back reaction (Petrou, 1980). Interactions
are efficient in warping disks (Hernquist, 1991; Huang & Carlberg, 1997),
however they cannot be invoked in isolated warped galaxies.
Warps are especially obvious in the HI outer disks, but to a lesser ampli-
tude the stellar disks are also warped. Statistics of warps in HI (Bosma, 1991;
Richter & Sancisi, 1994; Garcia-Ruiz et al., 1998) and in the optical band
(Reshetnikov & Combes, 1998, 1999; Sanchez-Saavedra et al., 1990; Sanchez-
Saavedra et al., 2003) reveal that more than half the spiral galaxies are warped
and asymmetric. Warps are also linked to large scale disk horizontal asym-
metries, both signatures showing that the outer spiral disks are not as well
virialized as the inner optical disks.
To answer the question about the general cause of warps, we have first tried
to well understand the dynamics of ideal isolated and purely self-gravitating
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Figure 1. The radial stability parameter ¸ (top) and the ratio ¹_º(»¹_¼ (bottom) as a function
of the galactic radius for different models. In both graphics, the curves correspond, from bottom
to top, in the interval ½¿¾ÁÀﬁÂÄÃÆÅÂ , to the models of increasing thickness, respectively.
disks of collisionless particles. In a second step we will introduce energy dis-
sipation, since disks form for the single reason that the energy dissipation rate
is much faster than the angular momentum transport rate. Therefore energy
dissipation must be taken as the second most important factor in understanding
galaxies, after the pure gravitational dynamics of collisionless matter.
Consequently we have undertaken first to study in detail massive self-gravitating
disks with various degrees of flattening by means of N-body simulations (Re-
vaz & Pfenniger, 2004). The simulated disks are made of a stellar bulge and an
exponential disk components, and a collisionless heavy disk component pro-
portional to the HI disk, including a density depression in the optical disk, and a
flaring thickness almost proportional to radius. The Milky Way is the template
galaxy for guiding the choice of the various mass ratios and scale lengths. The
mass components and profiles are also such that an almost flat rotation curve
are obtained for any thickness of the heavy disk component. By solving the
Jeans equations separately for each mass component, we can start simulations
with an almost equilibrium model, but with various degrees of velocity disper-
sion ratios Ç ÈÊÉËÇ ÌRÍÏÎÑÐ , while keeping an initial Toomre parameter Ò well above
1 on almost the full radial range (see Fig. 1).
The main result is that conformally to predictions made long ago by Toomre
(1966) and Araki (1985), too flat disks are unstable with respect to bending in-
stabilities. The instability in thin sheets is just related to the velocity dispersion
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Figure 2. Edge-on projections of different heavy disk models having developed sponta-
neously a warp. The box dimensions are è7éuéXêÑèﬁëLìÊí_î(ï




òöõø÷úùüûýþ the sheet bends spontaneously with growth rates of order of
Gyr. In thin disks this translates to first S-shaped warp growing modes for
slightly unstable disks, and secondly for strongly unstable disks to U-shaped
warp modes persisting for Gyrs (see Fig. 2).
If, like bars and spiral arms, warps results of internal disk instabilities, not
only we obtain a unified picture of galaxies, but also several new clues about
the dark matter nature and its distribution. For the same fundamental cause,
the marginal stability of self-gravitating disks subject to an energy dissipation,
disk produce spontaneously bars, spirals and warps that counteract dissipation
by mechanical heating.
In order to be in such a warped state self-gravitating disks must first obvi-
ously have a dissipative component. Dusty gas can be identified as the primary
cause of energy losses. Second, the mass distribution must be sufficiently self-
gravitating and thin in order to reach the Araki stability threshold. This pro-
vides an interesting constraint for the gravitating mass.
The Araki criterion immediately tells us that a disk made of classical smooth
gas would never be transversally unstable because the gas pressure would be
isotropic. But a classical gaseous disk dissipating its heat decreases corre-
spondingly its pressure, and inevitably after some time reaches the Safronov-
Toomre radial instability threshold, at which point the subsequent non-linear
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evolution depends on the detailed microscopic physics of the gas. In the galaxy
disk case we know that the interstellar medium is widely non-homogeneous,
which means that the isotropic pressure assumption is not necessarily valid.
We also know well the most visible result of the gas instability, star formation.
Once star form they evolve as collisionless matter, and disks with such fluids
are well known to evolve towards anisotropic dispersions with (*)'+'(-, ratios of
the order of 0.5 (Pfenniger & Friedli, 1991; Huber & Pfenniger, 2001).
Therefore the Araki criterion can only be met with a combination of col-
lisionless matter property to be able to have rather large velocity dispersion
anisotropy, and a dissipative component, which lowers over time faster the
velocity dispersion in . than in / . The dynamical heating produced radially
by spirals and bars increases also the velocity anisotropy if the radial heat-
ing is inefficiently transferred transversally to the plane. The radial dynamics
of disks indeed heats effectively through bars and spiral arms essentially the
radial kinematics, maintaining it above 02143 .
6. The two types of dark matter
So the ubiquitous existence of warps in disk galaxies is a strong hint that
they are sufficiently massive and thin to be transversally unstable to warp
modes, preferentially S-shaped modes. U-shaped modes are also possible if
a disk is driven sufficiently deep below Araki’s threshold. If this is the case
then we must have a substantial mass component almost as thin as HI-disks
that behaves as collisionless matter for several rotational periods. In order to
regenerate warps, dissipation is essential, without it a too anisotropic disk heats
dynamically until a stable thicker state is reached.
If disks react to bending instabilities by kinematical heating transverse to
the disk, then one must expect that warped disks are maintained close to the
marginal state balancing gas dissipation with dynamical heating.
Then the question is whether such warps may constrain the traditional thick
and hot dark halos made of collisionless matter. By adding a corresponding
potentials to the initial N-body models, we have calculated up to which halo
mass with given flattening a marginal state to bending would be kept (Revaz &
Pfenniger, 2004). It turns out that the effective disk thickness provides a strong
constraint on the dark halo mass, but almost no constraint on its flattening.
In all studied cases the exact halo flattening is very little constrained by the
marginal stability state above a density flattening around 57698;:<5769= , which is
anyway the range usually considered in cosmological simulations. In contrast,
the relative mass of a hot dark halo within a radius comparable to the HI disk
radius is directly related to the precise massive disk thickness: the thicker the
marginally unstable disk is, the lesser mass can be contained in hot spheroidal
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thick halo assuming that the warp results from a bending instability. For mod-
els parameters fitted to the Milky Way, the halo is at most as heavy as the disk.
Since we can estimate the HI disk thickness, we can give a constraint of the
dark halo mass if the disk dark matter has a thickness similar to the HI. The
Milky Way has a known HI thickness and a known warp, therefore if this warp
results from a disk marginal stability state then the dark halo mass within a
radius similar to the HI disk radius ( WYXVZ\[^]_ ) is constrained to be below 0.4.
This value is similar to the dark matter fraction found in evolved Sa’s, S0’s.
7. Conclusions
By realizing that bars, spirals and warps are different effects resulting from
that same fundamental causes, a slightly energy dissipative gas component act-
ing secularly on a mostly collisionless rotating self-gravitating system, we ob-
tain new clues about dark matter.
First confirming several studies about the horizontal dynamics of galaxies,
we arrive at the conclusion that spiral disks are to first order self-gravitating
and collisionless, they must contain more matter than seen. This matter must
be weakly collisional in order to develop anisotropic velocity dispersions in
`
and a . It is clear that the radial velocity dispersion is rapidly regulated by
the radial dynamical instabilities, so the anisotropy increases in a through a
dissipative component, identified with the dusty gas.
Dissipation must be sufficiently effective in order to maintain the disks close
to instability, as witnessed by the spirals and warps, but also most of the
mass cannot be strongly collisional, otherwise the velocity dispersion would
be isotropic and no bending instability would occur. The physical solution that
we are investigating is close to the clumpuscule model in Pfenniger & Combes
(1994), where much of the mass is condensed in the form of cold, dense planet-
mass molecular hydrogen clumps, stabilized in their core by a solid or liquid
phase of molecular hydrogen (Pfenniger, 2004ab; Revaz & Pfenniger, 2004b).
The warped N-body models do not rule out traditional massive thick halos
with extended core. However the mass of the massive halo can hardly exceed
the massive disk mass if this disk possesses a warp produced by a bending
instability. The models do not constrain well the dark halo axis ratio, provided
it is above WﬀZ7b9X .
Thus we arrive at a bi-modal solution for dark matter in galaxies that seems
to satisfy all the known constraints, from observational to galaxy dynamics and
evolution constraints, and to cosmological constraints. Of course the nature of
the dark matters remain to be better understood and discovered by observa-
tions. Encouragingly, tiny clumps of molecular hydrogen have been recently
detected (Heithausen, 2004), but the nature of the hot, non cuspy dark halos
remain to be found.
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This python module is useful to manipulate N-body data. From a given model, it allows to compute simple physical
values like energy, kinetic momentum, inertial momentum, centrer of mass etc. It also allows to modify the data itsef
with rotations, translations, selection of particles, addition of particles etc. With the associated program gdisp, the
user can visualise the data interactively. Different mapping of the model exists, like surface density map, velocity map,
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You must have of course python install, with version greater or equal to 2.2.
The following python packages must be also installed:
• Numeric (version greater or equal to 2.2)
• Tkinter
• PIL (Python Image Library) (version greater or equal to 1.1.4)
In order to convert movies in standard format (gif or mpeg), the two following applications are needed :
• convert
• ppmtompeg




Note, python must be the real version of your python executable. In some distributions (RedHat), you have to run
python2 instead of simply python.





Each user must imperatively have the file .gdisp in its home directory. This file contains the default config for the
parameters used in Nbody. An example of this file can be found in config/.gdis, in the root instalation directory.
The root instalation directory is something like : /usr/lib/python2.3/site-packages/Nbody/, where
the here 2.3 corresponds to your python version.
1.5 Documentation and examples
Documentation of the package in postcript form is available in the directory doc of the root instalation directory.
Exemples are available in the directory examples. To run exemples, go to this directory and type for exemples :
python









Nbody([p name ], [m name ], [status ], [tnow ], [label ], [pos ], [vel ], [mass ], [mt ], [type ])
This is the constructor for the Nbody object. Optional arguments are:
•p name: name of the file containing the main data (default=”treebodi.dat”)
•m name: name of the file containing the positions (default=”treemass.dat”)
•tnow: time of the snapshot (default=0)
•status: status of the file, ”new” or ”old” (default=”old”)
•label: label for the data (default=”Nbody”)
•pos: positions of particles (n× 3 Float0 Numeric array)
•vel: velocities of particles (n× 3 Float0 Numeric array)
•mass: mass of particles (n× 1 Float0 Numeric array)
•ftype: type of the p file (default=”binary”)
Value Meaning
"binary" standard format of the Geneva Observatory Nbody files
"binary double" same type as ”binary” but in double precision
"gadget" gadget file
"ascii" ascii file (x,y,z,vx,vy,vz)
"fvfps" fvfps file
"puy" specific format for Denis Puy data
The constructor automatically call the function read and initializes the following variables :
•p name: name of the file containing the main data (default=”treebodi.dat”)
•m name: name of the file containing the positions (default=”treemass.dat”)
•ftype: type of the p file (default=”binary”)
•tnow: time of the snapshot (default=0)
•label: label for the data (default=”Nbody”)
•pos: positions of particles (n× 3 Float0 Numeric array)
•vel: velocities of particles (n× 3 Float0 Numeric array)
•mass: mass of particles (n× 1 Float0 Numeric object)
•mt: total mass
•nbody: number of particles
3
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•num: number of each particle (indentify individually each particle) (n× 1 Float0 Numeric array)
•other values may be initialized, depending of the type.
If p name is equal to None, only one particle is initialized. If m name is equal to None, masses of all particles
are set to 1/n, where n is the number of particles.
Adding a new file type is simple. The new type has to be added to the file formats.py (in the root di-
rectory of the distribution) in form of a class that has the exact name of the new type. The class poss-
eses two methods read and write. The method read opens a file and reads the data. It must initial-
ize at least the five variables tnow,label,pos,vel and mass. Other variables can be set with the instruction :
self.master.newvar=newval in order to be used inside the Nbody object. The method write is used
to write data on a file with a specific format. See the existing classes for examples.
2.1.1 Example
>>> from Nbody import *
>>> nb = Nbody(’disk.dat’)
>>> nb.pos[0:10]
array([[-1.77171123, 1.38531578, -0.38621733],
[ 1.62452459, -1.00752044, 0.36302608],





[ 0.40900388, 0.47724977, -0.12044396],
[-0.34711695, 0.24906175, 0.1176554 ],






Read the files pointed by p name and m name. If the values of the files is None, they are simply ignored. ftype
is the type of the file as described in the previous section (default=’binary’).
write([ftype ])
Write the position, velocities and masses of particles in the files named p name and m name. Available types
are ”binary” and ”ascii”. If the values of the files is None, they are simply not written.
get mass(n,m)











rename([p name ],[m name ])
Rename the file corresponding to the particles and/or the file corresponding to the masses. Default values are




>>> from Nbody import *

























Write out informations about the object.
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>>> from Nbody import *






label : DISK a1=1 a2=4 b=0.5 GM1=0.2 GM2=0.8
total mass : 1.0
particule file : disk.dat
mass file : treemass.dat







total mass : 0.99996393919
particule file : orbit.dat
mass file : None







total mass : 1.00001716614
particule file : gassphere.dat
mass file : None
2.3 Physical values and operations
cm()














mi · xj2, (2.3)
where j = x, y, z and M is the total mass. i runs over all particles. The output is an 3× 1 Float Numeric array.
>>> nb.minert()










mi · ((vxi − vcx)2 + (vyi− vcy)2 + (vzi− vcz)2), (2.4)




























Return the total angular momentum. The output is an 3× 1 Float Numeric array.
>>> nb.Ltot()
array([ 3.99795594e-04, -4.68573824e-04, 2.25030088e+00],’f’)
ltot()
Return the specific total angular momentum. The output is an 3× 1 Float Numeric array.
>>> nb.ltot()




Return the potential at a given position, using the softening lenght eps. x is a 3× 1 Float Numeric array.
>>> nb.Pot([10,0,0],0.1)
-0.082256153225898743
sdens([r ],[nb ],[rm ])
Return the surface density at radius r. If r is not specified, it is computed with nb and rm.
•r: radius where to compute the surface density (n× 1 Numeric array) (default=None)
•nb: number of bins (default=25)
•rm: maximal radius (default=50)
The output is an n× 1 Float Numeric array.
>>> nb.sdens()
(array([ 0., 2., 4., 6., 8., 10., 12., 14., 16.,
18., 20., 22., 24., 26., 28., 30., 32., 34., 36., 38.,
40., 42., 44., 46.]), array([ 521.70990346, 139.07489444,
78.67028837, 52.79396827, 39.08138047, 30.00070677,
24.93223397, 21.66098775, 18.44324929, 15.99926007,
13.93742573, 11.70134821, 10.17955016, 8.45289587,
7.05495446, 5.40356702, 3.6051006 , 0.84124756,
0. , 0. , 0. , 0. ,
0. , 0. ]))
>>> r,s = nb.sdens(arange(10,12,0.1))
>>> r
array([ 10. , 10.1, 10.2, 10.3, 10.4, 10.5,
10.6, 10.7, 10.8, 10.9, 11. , 11.1, 11.2,
11.3, 11.4, 11.5, 11.6, 11.7, 11.8])
>>> s







zprof([z ],[r ],[dr ],[nb ],[zm ])
Return the z-profile in an n× 1 Float Numeric array, for a given radius r.
•z: bins in z, n× 1 Numeric array (default=None)
•r: radius of the cut (default=2.5)
•dr: width in r of the cut (default=0.5)
•nb: number of bins (default=25)
•zm: maximal height (default=5)
!!! This routine works only if particles have equal masses !!!
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>>> z,s = nb.zprof()
>>> z
array([-5. , -4.6, -4.2, -3.8, -3.4, -3. , -2.6, -2.2, -1.8,
-1.4, -1. , -0.6, -0.2, 0.2, 0.6, 1. , 1.4,
1.8, 2.2, 2.6, 3. , 3.4, 3.8, 4.2])
>>> s
array([ 0. , 0. , 0. , 0.
, 0. , 0. , 0. ,
0. , 0.31830989, 7.0028175 ,
17.50704374, 73.52958371, 217.40565226,
82.12395064, 17.18873385, 3.81971863,
0.31830989, 0. , 0. , 0.
, 0. , 0. , 0. ,
0. ])
sigma([r ],[nb ],[rm ])
Return the 3 velocity dispersions (in cylindrical coordinates) and the mean azimuthal velocity curve. If r is not
specified, it is computed with nb and rm.
•r: radius where to compute the values (n× 1 Numeric array) (default=None)
•nb: number of bins (default=25)
•rm: maximal radius (default=50)
The output is a list (r,sr,st,sz,mt) of 5 n × 1 Float Numeric arrays, where r is the radius, sr the radial velocity
dispersion, st, the azimuthal velocity dispersion, sz, the vertical velocity dispersion and mt, the mean azimuthal
velocity curve.
!!! This routine works only if particles have equal masses !!!
>>> r,sr,st,sz,mt = nb.sigma()
>>> r
array([ 1., 3., 5., 7., 9., 11., 13., 15., 17.,
19., 21., 23., 25., 27., 29., 31., 33.,
35., 37., 39., 41., 43., 45., 47., 49.])
>>> mt
array([ 0.1253464 , 0.16621084, 0.16943682, 0.17127088,
0.17527498, 0.17607986, 0.17441785, 0.17543959,
0.17188833, 0.1700597 , 0.16814814, 0.16418893,
0.16119153, 0.15900645, 0.14683119, 0.12279562,
0.0931139 , 0.07320464, 0. , 0. ,
0. , 0. , 0. , 0. ,
0. ])
>>> hv,v = nb.histovel()
>>> hv[:10]
array([ 6, 18, 20, 36, 60, 76, 116, 160, 185, 224])
>>> v[:10]
array([ 0.00426669, 0.00949934, 0.01473198, 0.01996462,
0.02519727, 0.03042991, 0.03566255, 0.04089519,
0.04612784, 0.05136048])
histovel([nb ],[vmin ],[vmax ],[plot ],[mode ])
Return and plot the histogram of the norm of velocities or of the radial velocities.
•nb: number of bins (default=100)
•vmin: maximum velocity (default=None)
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•vmax: minimum velocity (default=None)
•plot: ’yes’=trace a plot, ’no’=don’t trace a plot (default=’no’)
•mode: ’n’=norm of the velocities, ’r’=radial velocities (default=’n’)
The output is a list (r,h) of 2 n× 1 Float Numeric arrays, where r is the radius and h the values of the histogram.
>>> hv,v = nb.histovel()
>>> hv[:10]
array([ 6, 18, 20, 36, 60, 76, 116, 160, 185, 224])
>>> v[:10]
array([ 0.00426669, 0.00949934, 0.01473198, 0.01996462,
0.02519727, 0.03042991, 0.03566255, 0.04089519,
0.04612784, 0.05136048])
2.4 Selection of particles
sub([n1 ],[n2 ])
Return an Nbody object that have particles with indexes in the range [n1,n2].
•n1: number of the first particle (default=1)
•n2: number of the last particle (default=None)




Return an Nbody object that contains a fraction 1/n of particles. Only particles that have an index equal to a
multiple of n are conserved.
>>> nb.nbody
65536




Return an Nbody object that contains only particles where the corresponding value in c is not zero. c is a n× 1
Numeric array.
>>> x = nb.pos[:,0]
>>> y = nb.pos[:,1]
>>> r = sqrt(x**2+y**2)
>>> c = (r<10)




Return an Nbody object that contains only particles with indexes.




>>> nb_sub = nb.selectp([1,10,100,1000])
>>> nb_sub.pos
array([[ 1.62452459, -1.00752044, 0.36302608],
[ 0.68168294, -1.08752203, -0.07419436],
[ 0.42111936, -0.2864536 , -0.18193305],
[ 0.40522772, 0.03543287, -0.02563374]],’f’)
>>> nb_sub.num
array([ 1, 10, 100, 1000])
>>> nb_sub = nb.selectp(file=’num.txt’)
>>> nb_sub.pos
array([[ 0.09792939, -0.85123777, 0.10628127],
[-0.42973158, -0.03626933, -0.22860622],
[-0.12021356, -0.09565232, 0.14670506],
[-0.34711695, 0.24906175, 0.1176554 ],
[ 0.68168294, -1.08752203, -0.07419436]],’f’)
>>> nb_sub.num
array([ 2, 4, 6, 8, 10])
select(c)
Return an Nbody object that contain only particles that satisfied the condition c.




Return an Nbody object that contain only particles of a certain type, defined by dis. The variable dis is initialized
only by certain file type.
Supported modes are:
mode Meaning
”gas” dis ≥ 0
”hg” dis < 0
”cg” dis ≥ 0 and dis ≤ 1
”st” dis ≥ STAR
”nhg” dis ≥ 1 dis ≤ 2
”ncg” dis < 1
”wg” dis ≥ 1
”dg” dis ≥ 0 and dis < 1
”nst” dis < 0
”ns” dis ≥ STAR and dis < STAR+ val




Append to the current Nbody object, particles form the Nbody object new.
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>>> from Nbody import *
>>> nb1 = Nbody(’disk.dat’)










Move the Nbody object in order to center the mass center at the origin.





array([ -2.40106601e-07, 1.62406650e-07, 8.72773853e-09])
histocenter([rbox ],[nb ])
Move the Nbody object in order to center the higher density region found near the mass center. The higher
density region is determined with density histograms.
•rbox: box dimension, where to compute the histograms (default=50)





array([ 0.14184749, 0.05130276, 0.05424355])
get histocenter()
Return the position of the higher density region found by the function histocenter.
•rbox: box dimension, where to compute the histograms (default=50)
•nb: number of bins for the histograms (default=500)














array([ -1.45152512e-09, -5.16615728e-09, 4.49063009e-10])
translate(dx,[mode ])
Translate the positions or the velocities of the object.
•dx: translation vector (3× 1 Float0 Numeric array)
•mode: ’p’= translate the positions, ’v’= translate the velocities (default=’p’)





array([ -1.45152512e-09, -5.16615728e-09, 4.49063009e-10])
rotate([angle ],[mode ],[axis ])
Rotate the positions and/or the velocities of the object around a specific axis.
•angle: rotation angle in radian (default=0)
•mode: ’p’= rotate only the positions, ’v’=rotate only the velocities, ’a’=rotate the positions and velocities
(default=’a’)
•axis: axis of rotation : ’x’, ’y’, ’z’ or [x, y, z] (default=’x’)
>>> nb.rotate(45,axis=’y’)
>>> nb.rotate(10,[1,1,1])
align(axis,[mode ],[sgn ],[fact ])
Rotate the object in order to align the axis axis with the z axis.
•axis: axis to align : [x, y, z]
•mode: ’p’= rotate only the positions, ’v’=rotate only the velocities, ’a’=rotate the positions and velocities
(default=’a’)
•sgn: ’+’: normal rotation, ’-’: reverse sense of rotation (default=’+’)
•fact: multiply the rotation angle by a factor fact (default=None)
>>> nb.align([1,0,0])
spin(omega)
Spin the model with angular velocity omega (3× 1 Float0 Numeric array) (rigid rotation).
>>> nb = Nbody(’disk.dat’)
>>> nb.vel = nb.vel-nb.vel
>>> nb.Ltot()
array([ 0., 0., 0.],’f’)
>>> nb.spin([1,0,0])
>>> nb.Ltot()




Replace the positions of the particles with the three new n× 1 Float0 Numeric array, x, y, z.
>>> nb.pos[:10]
array([[-1.77171123, 1.38531578, -0.38621733],
[ 1.62452459, -1.00752044, 0.36302608],





[ 0.40900388, 0.47724977, -0.12044396],
[-0.34711695, 0.24906175, 0.1176554 ],
[ 0.44596171, -0.00301368, 0.07604747]],’f’)
>>> x = 1.*ones(nb.nbody)
>>> y = 2.*ones(nb.nbody)
>>> z = 3.*ones(nb.nbody)
>>> nb.newpos(x,y,z)
array([[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.]],’f’)
newvel(vx,vy,vz)




array([[ 0.09053278, 0.06480801, -0.06484648],
[ 0.10969774, 0.2361688 , -0.12410361],
[ 0.04000945, -0.02210041, -0.0842305 ],
[-0.06755835, 0.04139589, -0.11416897],
[ 0.23250738, -0.35454097, 0.16477641],
[ 0.14529462, 0.03277214, -0.02149555],
[-0.11139615, 0.08870092, -0.01407618],
[-0.08541172, 0.31061319, -0.01377115],
[ 0.01755039, -0.0591534 , 0.01826925],
[ 0.14561221, -0.02107975, 0.00715306]],’f’)
>>> vx = 1.*ones(nb.nbody)
>>> vy = 2.*ones(nb.nbody)
>>> vz = 3.*ones(nb.nbody)
>>> nb.newvel(vx,vy,vz)
>>> nb.vel[:10]
array([[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.],
[ 1., 2., 3.]],’f’)
2.6 Graphical functions
expose(x0,xp,[alpha ],[eye ],[dist eye ])
Rotate and translate the object in order to be seen as if the observer was in x0, looking at a point in xp.
•x0: position of the observer (3× 1 Float0 Numeric array)
•xp: position where the observer look at (3× 1 Float0 Numeric array)
•alpha: rotation around the axis (x0,xp)(default=0)
•eye: compute the projection as seen from the ’right’ or ’left’ eye (default=None)
•dist eye: distance between eyes (default=None)
>>> nb.expose([0,-50,50],[0,0,0],alpha=10,eye=’right’)
Perspective([r obs ],[foc ],[view ])
Perspective projection of the Nbody model. The function simply modify the positions x of particles (see
Fig. 2.1).
•r obs: distance from the observer to the looking point (default=100). If xp and x0 are known, the value of
r obs should be set to —xp-x0—.
•focal: distance from the observer to the plane of projection (default=50)










Figure 2.1: Schematic view of the perspective projection. x is transformed in x’.
getmap([shape ],[size ],[frsp ],[view ],[mode])
Return an image (mapping of an Nbody object) in form of a matrix (nx× ny Float Numeric array)
•shape: shape of the output image (nx× ny) (default=(256,256))
•size: physical size of the space where the image will be computed (default=(30,30))
•frsp: factor for the specific radius of particles (default=1)
•view: projection view ’xy’, ’xz’, ’yz’ (default=’xz’)
•mode: mode of mapping (default=’pos’)
Value Meaning Formula
”pos” zero order momentum (projection weighted with the mass)
∑
m
”m” mass : please define it better
∑
m
”z” first momentum in z
∑
m z
”z2” second momentum in z
∑
m z2
”vx” first velocity momentum in x
∑
m vx
”vy” first velocity momentum in y
∑
m vy
”vz” first velocity momentum in z
∑
m vz
”vx2” second velocity momentum in x
∑
m vx2
”vy2” second velocity momentum in y
∑
m vy2
”vz2” second velocity momentum in z
∑
m vz2
”vxyr” first momentum of radial velocity in the plane
∑
m (x vx + y vy)/
√
x2 + y2
”vxyr2” second momentum of radial velocity in the plane
∑
m [(x vx + y vy)/
√
x2 + y2]2
”vxyt” first momentum of tangential velocity in the plane
∑
m (x vx − y vy)/
√
x2 + y2
”vxyt2” second momentum of tangential velocity in the plane
∑
m [(x vx − y vy)/
√
x2 + y2]2
”tem” ”local temperature” (base on variable dis)
∑
m dis
”vel” zero order momentum in velocity space
∑
m
In the formula, the sum conserns the value of a specific pixel ij. It runs on particles that have a projection that







multimap([shape ],[size ],[frsp ],[view ],[mode ],[filter name ],[filter opts ])
Return an image in form of a matrix (nx×ny Float Numeric array). Contrary to getmap, multimap compose
different output of getmap. Moreover, it allow to apply filter on the results of getmap.
•shape: shape of the output image (nx× ny) (default=(256,256))
•size: physical size of the space where the image will be computed (default=(30,30))
•frsp: factor for the specific radius of particles (default=1)
•view: projection view ’xy’, ’xz’, ’yz’ (default=’xz’)
•mode: mode of mapping (default=’pos’)
Value Meaning Formula
































































”szr” ratio sigma z/sigma r





•filter name: name of the filter (see function apply filter) (default=None)
•filter opts: parameters of the filter (see function apply filter) (default=None)
On the formula, the brackets 〈〉 indicate that the value is filtred. The definition of the sum is the same as in
function getmap.






show([x0 ],[xp ],[alpha ],[eye],[dist eye ], [persp ],[r obs ],[foc ], [shape ],[size ],[frsp ],[view ],[mode ],
[filter name ],[filter opts ], [scale ],[cd ],[mn ],[mx ], [l n ],[l min ],[l max ],[l kx ],[l ky ],[l color
],[l crush ], [palette ], [save ] )
This function allows to display or save an image from an Nbody object. It is a compilation of the functions
expose, perspective, multimap, set ranges, contours, get image and display. See indi-
vidual functions for details about parameters.
•x0: position of the observer (3× 1 Float0 Numeric array)
•xp: position where the observer look at (3× 1 Float0 Numeric array)
•alpha: rotation around the axis (x0,xp)(default=0)
•eye: compute the projection as seen from the ’right’ or ’left’ eye (default=None)
•dist eye: distance between eyes (default=None)
•persp: enable or disable perspective (”yes” or ”no”) (default=”no”)
•r obs: distance from the observer to the looking point (default=100)
•focal: distance from the observer to the plane of projection (default=50)
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•shape: shape of the output image (nx× ny) (default=(256,256))
•size: physical size of the space where the image will be computed (default=(30,30))
•frsp: factor for the specific radius of particles (default=1)
•view: projection view ’xy’, ’xz’, ’yz’ (default=’xz’)
•mode: mode of mapping (default=’pos’)
•filter name: name of the filter (see function apply filter) (default=None)
•filter opts: parameters of the filter (see function apply filter) (default=None)
•scale: scale ”lin” or ”log” (default=log)
•cd: scaling parameter (default=0)
•mn: minimum value for the cutoff (default=None)
•mx: maximum value for the cutoff (default=None)
•l n: number of levels (default=15)
•l min: minimum level value (default=0)
•l max: maximum level value (default=0)
•l kx: smoothing of contours in x (default=10)
•l ky: smoothing of contours in y (default=10)
•l color: color between 0 and 255 (default=0)
•l crush: ”yes”=remove background colors, ”no”=keep background colors (default=”no”)
•palette: name of the palette (default=None)
•save: if specified, save the image in the file save instead of displaying it. (default=None)
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These functions are not methods of the Nbody object. However, there are useful to process some outputs of previous
methods.
histogram(a,bins)
Return the histogram (n × 1 Float0 Numeric array) of the n × 1 Float0 Numeric array a. bins (m × 1 Float0
Numeric array) specify the bins of the histogram.
getr([nr ],[nt ],[rm ])











































Return the position of two eyes (two 3× 1 Float0 Numeric array).
•x0: position of the observer
•xp: position where the observer look at
•alpha: rotation around the axis (x0,xp)
•dx: distance between eyes
>>> get_eyes([0,-50,50],[0,0,0],0,5)
(array([ 5., -50., 50.],’f’), array([ -5., -50., 50.],’f’))
apply filter(mat,[filter name ],[filter opts ])
Apply a filter on an n × 1 Float0 Numeric array. The only supported filter has filter name=’convol’ and fil-
ter opts=(nx,ny,sx,sy). The filter operates a convolution of the array with a Gaussian kernel of half width sx and
sy truncated on radius nx and ny.
•mat: input array (n×m Float Numeric array)
•filter name: name of the filter (default=None)
•filter opts: parameters of the filter (default=None)
>>> map = nb.getmap()
>>> map_filtred = apply_filter(map,name=’convol’,opt=[10,10,3,3])
set ranges(mat,[scale ],[cd],[mn ],[mx ])
Transform an n×m Float Numeric array into an n×m Int0 Numeric array that will be used to create an image.
The float values are rescaled and cutted in order to range between 0 and 255. The function returns the new Int0
array mat and the used values of mn, mx and cd.
•mat: input array (n×m Float Numeric array)
•scale: scale ”lin” or ”log” (default=log)
•cd: scaling parameter (default=0)
•mn: minimum value for the cutoff (default=None)
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•mx: maximum value for the cutoff (default=None)



















If cd is not defined, it is set to the mean value of mat.
>>> map = nb.getmap()
>>> map_int,mn,mx,cd = set_ranges(map,scale=’log’)
contours(m,matint,[nl ],[mn ],[mx ],[kx ],[ky],[color ],[crush])
Compute iso-contours on a n × m Float Numeric array. Contours computed from mat are superposed on the
integer matrix matint.
•mat: input array (n×m Float Numeric array)
•matint: input array (n×m Int Numeric array)
•l n: number of levels (default=15)
•l min: minimum level value (default=0)
•l max: maximum level value (default=0)
•l kx: smoothing of contours in x (default=10)
•l ky: smoothing of contours in y (default=10)
•l color: color between 0 and 255 (default=0)
•l crush: ”yes”=remove background colors, ”no”=keep background colors (default=”no”)
If l min equal l max, levels are automatically between the minimum and maximum values of the matrix mat.
If color=0, no contour are displayed.
>>> map = nb.getmap()
>>> map = apply_filter(map,name=’convol’,opt=[10,10,3,3])
>>> map_int,mn,mx,cd = set_ranges(map,scale=’log’)
>>> map_int = contours(map,map_int,nl=10,mn=0,mx=0,kx=10,ky=10,color=1)
get image(mat,[name ],[palette name ])
From the n×m Int Numeric array, create a PIL (Python Image Library) image. If name is given, the image is
saved on the disk. palette name is the name of the palette and is one of the following: aips0, backgr, bgyrw,
blackwhite, blue, blulut, color, green, half, heat, idl11, idl12, idl14, idl15, idl2, idl4, idl5, idl6, isophot, light,
lut0, lut1, lut2, lut3, lut4, lut5, lut6, lut7, lut8, lut9, manycol, pastel, pmar, rainbow, rainbow1, rainbow2,
rainbow3, rainbow4, ramp, random, random1, random2, random3, random4, random5, random6, real, red,
smooth, smooth1, smooth2, smooth3, staircase, stairs8, stairs9, standard, whiteblack
>>> map = nb.getmap()
>>> map_int,mn,mx,cd = set_ranges(map,scale=’log’)




Display in a TK window the image image (PIL image).
>>> nb = Nbody(’model.dat’)
>>> map = nb.getmap()
>>> map_int,mn,mx,cd = set_ranges(map,scale=’log’)
>>> image = get_image(map_int,palette_name=’rainbow4’)
>>> display(image)
write fits(data,filename)
Write in a FITS format the n×m Float Numeric array.
>>> write_fits(map,’image.fits’)
2.7.1 Examples
Creation of object from scratch (example01.py)
from Nbody import *
import RandomArray
’’’
return an homogenous disk of n particles distributed







theta = 2.* RandomArray.random([n])*Numeric.pi
x = a* xx * cos(theta)
y = b* xx * sin(theta)
z = dz*RandomArray.random([n]) - dz/2.
pos = Numeric.transpose(Numeric.array([x,y,z]))
# creation of the nbody object
nb = Nbody(’homodisk.dat’,status=’new’,pos=pos,label=’homogeneous disk’)





from Nbody import *
import RandomArray
’’’









from Nbody import *
import RandomArray
’’’








Display the velocity dispersion map (example04.py)
from Nbody import *
import RandomArray
’’’












from Nbody import *
import RandomArray
’’’













# rotate the model
nb.rotate(axis=’x’,angle=pi/2.)
# compute the matrix for svz
# moment 0
m0 = nb.getmap(shape=shape,size=size,view=view,mode=’m’,frsp=frsp)
# moment 1 in vz
m1 = nb.getmap(shape=shape,size=size,view=view,mode=’vz’,frsp=frsp)






# extract dispersion sz = m2/m0 - (m1/m0)ˆ2
mat = where(m0==0,0,m2/m0) - (where(m0==0,0,m1/m0))**2
mat_sz = sqrt(clip(mat,0,1e10))
# compute the matrix for svr
# moment 0
m0 = nb.getmap(shape=shape,size=size,view=view,mode=’m’,frsp=frsp)
# moment 1 in vr
m1 = nb.getmap(shape=shape,size=size,view=view,mode=’vxyr’,frsp=frsp)






# extract dispersion sr = m2/m0 - (m1/m0)ˆ2















from Nbody import *
import RandomArray
’’’






























Cylindrical cut of a warp (example07.py)
from Nbody import *
import RandomArray
’’’
display the vertical position of particles as a function of the




# compute distance to the center
r = sqrt(nb.pos[:,0]**2 + nb.pos[:,1]**2 + nb.pos[:,2]**2)


















gdisp allows to display an Nbody object with a user friendly interface. It contains more or less all possibilities of
selection/filtering/exposition/stereo offered by the module Nbody.
3.1.2 Usage
gdisp [options] [ file ]
Options: -h -- this help message
-t -- type of file (binary,ascii,fvps)
-m -- file containing the masses (if needed)
--help -- this help message
--version -- displays version
3.1.3 Example
Try to run :
gdisp
gdisp disk.dat
gdisp -t ascii orbit.dat
gdisp -t gadget gassphere.dat
3.1.4 Main window
The main window (see Fig. 3.1) displays informations about the model.
• filename: path to the model currently displayed
• label: label of the model
• tnow: time associated to the model
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ﬂﬃ'&
Figure 3.1: Main window of gdisp.
• from: number of the first particle displayed
• to: number of the last particle displayed
Each value can be manually modified. Press enter in order to update the changes. For example, try to change the
number of the last particle to be displayed.
3.1.5 Menus
From the main window, the following menus are available:
File
• open: open a new model
• save: save the current model
• save image: save the current image (format must be .gif, .fits or .png)
• write num: write an ascii file containing the values of the variable num
• about: about gdisp
• quit: quit the application
Colormap
Change the color map.
Operations
• reset: reset the model (reopen it)
• info: write info about the model
• plug-in: open a plug-in and apply it
• command: run a short command, for example, self.X.align([1,0,0])
A plug-in is a python script that allows to modify the model. Two examples are proposed. The first one reduc.py,







The second one, more complex (cut.py), keep only particles that are displayed in the window :
from Nbody import *
from Numeric import *
xm = self.params.get(’size’)[0]
zm = self.params.get(’size’)[1]
xmin = - xm
xmax = + xm
zmin = - zm
zmax = + zm
# expose the model
self.nbodyviewer.pose()













Change the parameter mode described in the function getmap and multimap of paragraph 2.6.
Parameters
This menu allows the user to change manually all parameters. The parameters correspond to the parameters of the
function show described in the paragraph 2.6. Default parameters are contained in a file .gdisp that the user must
have in its home directory. Submenues are:
• set: Set parameters. A window open with the values of all parameters (see Fig.3.2).
• reset: Reset all parameters (reopen the default file parameter).
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Figure 3.2: Parameter window of gdisp.
• open: Open a parameter file (may be different from the default parameter file).
• save: Replace the default file parameter with the current parameters.
• save as: Save a file parameter (may be different from the default parameter file) with the current parameters.
The new values of parameters are taken into account when pressing the Send or Ok button.
3.1.6 Display window (NbodyViewer)
When a model is opened, the display window is created (see Fig. 3.3). In addition to displaying the model, this
window allows to choose manually the point of view and the zoom. The upper part of the window, display some
useful informations. winx and winy correspond to the physical half width and half height of the window. x and y
give the mouse position on the window. lab is the current size of the label and val gives the physical value of the
map, at the mouse position.
When the mouse moves over the display, a red label appears and shows the position of the reference frame. The
position of the reference frame can be changed by selecting either translation or rotation above the display.
Now, when clicking the left of middle button and moving on the display changes the position of the reference frame.
Click the right button to update the changes (the mouse must still be on the display).
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Figure 3.3: Display window of gdisp.
The two first buttons under the display controls the zoom. They simply change the physical width and height of the
window (parameter size). The zoom factor can be modified through the parameter menu. The last buttons rotate the
model. The rotation angle is written at the lower right and can be modified.
• N,S: Rotation up/down.
• E,W: Rotation right/left.
• M,P: Rotation around the line of sight.
The central button noted ”*” updates the changes. It is equivalent to clicking the right mouse button.
Translation of the reference frame
It is possible to modify the position of the reference frame by double clicking the left button, when pointing on the
display. Then, double clicking the right button shift the reference frame to the center. The model is now translated.









The main window (see Fig. 3.4) allows to control the movie. Mains functions are:
• RUN: Run the movie from the frame start.pic to the frame stop.pic. Use it only when the film is
stopped.
• STOP: Stop the movie.
• STEP: Move to the next frame, step by step. Use it only when the film is stopped.
• BACK: Move to the previous frame, step by step. Use it only when the film is stopped.
• RESET: Go to the start.pic frame.
• ZOOM: Zoom in.
• UNZOOM: Zoom out.
• RESET ZOOM: Disable zoom.
start.time, stop.time, start.pic and stop.pic. indicate the starting and stopping time as well as the
corresponding starting frame and stopping frame. They can be manually modified. Press enter to update the new
values.
The filename entry display the name of the current film. A new film can be loaded by modifying the name and
pressing enter.
Figure 3.4: Main window of gmov.
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Figure 3.5: Display window of gmov.
3.2.4 Menus
File
• open: Open a new film.
• reload: Reopen the film.
• save image: Save an image (format must be .gif, .fits or .png).
• quit: quit the application
Colormap
Change the color map.
Speed
Change the speed of the movie. 1 is the fastest, 100 is the slowest.
Zoom





mkgmov allows to create gmov movie from a list of Nbody files.
3.3.2 Usage
Usage : mkgmov [option] output files
Options: -h -- this help message
-p -- parameter file
-s -- disable the softening of rsp
-c -- enable auto cd for each image
--info -- give the optimal factor for each files in the list
--help -- this help message
--version -- displays version
3.3.3 Example
$ mkgmov -p filmparam.py output.mov treo*
$ gmov output.mov
3.3.4 Parameter file
To create a movie, the best is to provide mkgmov a parameter file. Such an example is given below:
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# number of horizontal and vertical subfilms
nh = 1 # horizontal
nw = 2 # vertical
# size of subfilms
width = 256
height = 256
# size of the film
numByte = width * nw

















First, we have to give the number of horizontal nh and vertical nv subfilms. Then, the width and height of each
subfilms. The next five lines must remain untouched :
# size of the film
numByte = width * nw
numLine = height * nh
# init parameters
param = initparams(nh,nw)
Then, for each subfilm, we have to define parameters to use. The parameter corresponds to the parameter of the
function show described in the paragraph 2.6. Each parameter is given with a line of the type:
param[ subfilm number ][parameter name]=value
• subfilm number: number of the subfilm, from 1 to nh×nv
• parameter name: parameter name (see function show)




• compare to command show additional parameters are :
Value Meaning
exec execute a command
macro execute a macro (path of the file)
n1 first particle
n2 last particle
mdis select particle in function of the value of dis (see function subdis)
ftype type of the file
• parameters palette and save are not take into account.
• If dark is given as a value form the parameter mode, the corresponding submovie will simply be black.
• The option --info do not write any output. It simply gives the minimum and maximum value, as well as the
optimum parameter cd of each frame. This is often useful to run mkgmov first with option --info, before





From a given film, cutgmov creates a new film that contains only frames from n1 to n2.
3.4.2 Usage
cutgmov -f filmin -o filmout --n1=n1 --n2=n2
Options: -h -- this help message
-f -- name of the input
-o -- name of the output
--n1 -- number of the first frame
--n2 -- number of the last frame
--info -- give info on the film
--help -- this help message
--version -- displays version
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